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_ LT ‘ COORDINATE GEOMETRY .~~~ = . . ‘\-gs
17-1. Slope of 2 Line' o 3 et N -

‘In this sectlon we shall take another ?ook at. the line as a_subset gf
l"the c:)ordinaté plane, with .special“ cons:.deration of its directLOn. Ve have
. _.seen that - every pair of distlnct points determlnes a Ylne. Now,we sha{\’/
'.consider another way of 1ocat1ng a line vby knowing on point on the line R

'and the direvtlon sthe line. . L

oo, L AN R - . 5 . _ < .
L .y « . ] . . . N s . ~ o
. 1 R o ‘Exercises 17-1la / R . »

S - A : V ' ’

o ' S -(Class Disc»ussi_on)'

1. i On & sheet ofograph paper, draw one set of coordinate axes. ‘Draw &nd
. 'la.b\ei ‘the graphs of the following equatlons- Ty
' ) . A
. lb' . . - .- " l ) . ) - .
(a)'y)=3_xv . oy stk .
2, ) ) P o ;- ) .’J:\Q\' .'&‘
f (0) ys5x - ‘ ) vy=-5% ./ RN
2 NS
S & — . e =
. _Jg . . . .3 v
(e) v = 3 X s (h) vy ="-1f x 4
Y . ) .. . : - . ’ . - ’ ) .. ] ‘A !
@iy LW v
NS @ e o3
() s (W) L S
2. . Verity your drawlng by omparing it wlth the page of gra
) “at the end of- this sectidn.. Then answet the followin
' about the 1ines and thel equations. . ’ PR N
. ‘. ~ -, _.n R
" (&) What po:Lnt is on afl of the lines" " . -
- v L . B S, ‘ '
. (}) W]:ylch equat.tms have graphs that r1§,e from left to ~r1ght'7 ~ v
" (e ) FOr the e\ﬁtions vmg graphs that rise from lert to rlght
- is the COe{flcient x“ (the number by wblch X 1s_ mult_lpl.led)'-'
N pos1tive or a negativ@mber"‘ \) . LN
. PR { o
“(a) For the equat:ons in- waich the- eoefflclent of \x- is pos1t1ve, <,

what ralation ao- }yo\bserve betwee;? the va]ue Q' the coefflclen\t

\ e an:)"?he st’eeﬁl_
o : . e

osofttﬂa L:me"ll-.\v,l"' oo . ~ s

.v».‘ <, ’ ’ AN !
. ot ., oo T 3
\ N L . : '
SRR ¥ B 5oy oo T
s P Ve -~ s
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ey,

——— What facts do you observe about the graphs of equatlons in whlch
@ the coefficient of b4 is negative"
’ v 7 . : -
(f) Note that each equation in Exercise 1 is in the form y = mx -
’ . wht:re m 1is a real number. Write the equatlon of the x-axis
. o in this f‘orm . : . o ‘o
< .. (g) vnat is. the equation of the yaexis? . Can it be written in the
- ‘ o o" _ " . — . .
v, form y = - mx?
SR &
SRS ) .
. ." i ¢ - ‘ . ' . -
] ) u‘,; ) . . ‘ L PR - .
T~ _Erom the above exercises, the following%éervations can be made:
,(l) . If an equatlon can be' wrltten ‘in the form y = mx, ‘where m 15 any .-
coe T “real number, its grapht is a line in the ceordinate plane, through :
»L b : . ’the origin. . _' ) ' o
- (2) For every line through the origin, ex,ce]z;the y-axis, , there ié"an
* ' . equation of the form y = mx. ) . ‘ '
(3) - ~dIf a line has ah eguation of the form y = mx, the sign of w
-determines whethéer the line rises or falls. For . m > O, the line
. © *. ‘rises from left to right; for m< 0, the yline falls from left to
R right; for 'm = 0, the Tine is'the xraxis. -  °~ =
\‘I'he value of |m] determlnes 'th{a steeEness of th'e 11r1e; of two
¢
equatlons with dlfferent values of . m, the - onf with ‘ih,e large'r value .-
B Iml .rises or falls more § . R .
o In the‘ equatlon y = mx,  the real number m is called the slo e of
. - __L
S the assoc:.aued ling. It determlnes the dlrectlon of the line. -
j Now let us . considerdunctzons\_whose graphs do not all contain the
' ., origin; For examnle, ‘in each o{.’ the functions’ ' :
14 . » a ) ) . L T "
LT it (a) x - 2x% o . C v
ot v (b) x o 2x + b T ' _ o Co F.
P . ’ (.. ) - , '., v‘ " . ‘ ..T N 1]
. c X > 2x - 5, i
7 3 | 7 .
the coefflcient of x 1is 2.
. : . a N} . P o i
- ° L L # )
N T ~ ! .~ 7
. B L B [4
) . . e < .
) oy e . \ -
- v ) - ) ‘
N - NG ‘. '
. . > .
\ .
AN
N 2 ‘
N s \ -
- ) .
K R 6
L4 LI - o
’ . [ N AN = v

O
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From the graphs of the e e ~ y i]g 4
functlons it is apparent that, ?f . —F ;$
. ° © _ ol yi
for any value of x . ' N ' .l d Ry
o . o S " 2 7
(1) the walue of v “in  (b) ‘ _ 7
. > . B SN .
- is 4 more ﬂmnthevahw T — : a T4
of Yy in (=2) and - - : ¥é :

. . S _ : : /‘i"? 47
(Z)VZ‘ the value of y in (e) : /1 %” .
A is - 5. less. than the. value ‘ :-E i ’

of vy in (a). ' - ,r 7
o ) . S T - 5 - P
~ That is, (1) the graph of :
My = 2% + 4" is. the graph of
= 27 , . ¥ ) |
Py.fl2£” moved - upward 4 units, i A
and (2) the graph of "y =2x - 5% - j - C
. [ ' . ) -+ | = hd
is the graph of "y = 2x moved A
1 . o i
downward 5 unlt - - ' N 1 .
: , . . . /
_We say that all-three of * " ;
the lines h&zi/the same slope, 2. ~ X
b . - ‘ N ' .. . ;‘
, i Exercises 17-1b ‘ o )
(Class Discussion). P i
t : - S
1. - fa) Wwith xefefenqe to one'set of axes, draw the graphs of %hese
three equations: ) ST B \{ C T o
= -"‘,-'X.V
. y .3 .
~ 2 )
== Z x +. 4
- y .3 * IS
. 2 -
i y=-3%x - 3.
2

gb)' Do ‘the lines have the same slope’ What is their slobe? 'Db‘they

appear to be parallel’

. » . A

2. . (a) With reference. to one set of axes, draw graphs of: )

8, - L ¥=0 E

@ . . . . B L. ‘

N y = -2 : oo
A L - o N . s
- y = 3 4 .
. 3 -
' L} 4 ! ¢ ' 7

. ‘ [ ,. \

O
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e (v) - D;B:hyse lines have the same slope? What is their slope?';Do
. °. tiey appear to be parallel? o
v , o .
The conctusions that we have made so far include the' following: - . i

(1) .. THe slope of a line is the value of m in the equation of the line,
- written in \h: form y = mx + b. .That is, it is the number which
" is the coeffidient of x whenﬁthe equation ig’ written in that form.

. (2} If the value of- m is O, the.equatlon takes the fofm "y= 0« x % b,
wvhich is usually. wrltten "y'—‘b" . The graphs-9f such equatlons are

hgrlzontal lines and have Zero lope. .The_slope of ‘a any horizontal

=line is 0.7 R : ?

(3) Equatlons of the form X =a tcannot be put\lnto the §orm y = mx +- b-v

;F\ "-Their® graphs are vertical llnes. No slope is assigned to a vertlcal
o a

line.- Sometlmes -we express this part by saylng that the slope for'a

. . . vertical llne is und ined. . . - . \
. - , - ) o vv, i . “\
. : S . Exer01sesr17 lc N Lo ‘\? '
. A, State the slope of the graph of each of the follOW1ng equations‘.
’ e “ : y
(a) y=x+a07 - %) vy 3L ‘
,-, '. . ' . | (b) 'y = 'f'x + :21 R . (f)j x = .__'5 -
' S - . o Fo R o o !
. o () 3y =3xwal . (8 3y =Tx+2. .
- A LT ’ o . . ~
L § : . . . .- . . |
e (@3y=er 40T () ks x4 5
,2. . From the equatlons given here, state all those pairs whose _1‘ i
-y . \graphs have equal slopes and for each palr tell what the slope 1s.
- (a) 3yEex+l -: (f) y+l=1+ R
; () ¥y =9 e y=-5-3x I
° X . - -t . S K
. . (c) X +5.=5 ‘F—. (n) 2y = 3x + N ) I
- w 2 , ’-, .
- (d) N =§ X i . (}) /_ 2=3 \
r~ (e) y=Fx+k \(.i) 2x ¥ 3y =7 ~
. ™ . )
- ~ .‘ N ) . c . -
: : . § N I ™
.‘ B : ' . . )
. . P X N . e

O
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3. Formulas ‘which occur in science, in business or in everyday life,
‘frequently describe linear functions. For example, the formula
. 05p, used in computing simple interest for one year at 5 %

on a given principal, is a linear. equation. . The slope.of its graph

100

is 105, or —:L-._ Amorig the. ways in which we might 1nterpret this
\\'number are the following: - - ' ‘ :

(1) If the principal is increased by $1, t;e"
_Enterest is increased by 5 cerys; or ~_

Lo .
(2) the interest increases by $5 for each increase -
of $lOO 1nlthe prfncipal; ord A
(3) each»increase of 20 cguts. in the principal
* ) T has. & corresponding incérease of 1 cent in the N
v interest.

'For each of the foIlowing formulas,'state the slope of the_graph
" ~of the functlon and interpret the meaning of the slopé in teims .ot .
the situation deéscribed. . : : ' : s e

N3

(a D —-50t - a formula for the distance in miles a car travels at

4 50 wmiles per hour in a given number of hours.
- . . . VL ‘

(b) F = % C:+ 32, the formula used in changing a temperature

measure from the bentigrade spale:to the_Fahrenheit.scafe.

9 . : -

a

'\g' (c). C = 2 (F - 32), the formula for changing temperature'measure

"from degrees Fahrenheit to degrees Centigrade. .

(d) ¢ = .75+ .10 (n - 10), n>10, a formula for the cost in
dollars of a telegram of 10 ‘or more words, if the charge is
75&. for - 10° words and lO& for each addvtional word

“

hall‘ﬂwfbmmm.mrtmesMQM . C : ' .
B RER I ' : .

lever is_ S v I___D 4_.‘ -d

'JE;D. .Jt

o WXD=.wxd =
. . ) .
. which represents the fact- ‘

that two weights on ' '&Iﬂcm *

opposite sides of the - Lo . . R : . 1
point of. suspensién (qalled the - '
fulcram) balance each other )

} the product of the’ ‘other weight and its distance.

o ) | S A
AR L 9

ERIC
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. l - N ’ . . '. - @
« “If‘any two of the four quantities W, D, w, and d Have
cqnstaﬁf‘values; then an equation can be written which'describes a

functional.relationship be¢ween the two remaining variabies;
3

_ -For each case below, writé an equation which descrlbes a Iunctlon
: ' and stat®e whether or not the functlon descrlbed is linear. ~ If it ls

¢ linear, ‘sthte the slope of its graph.

(2) A ’50-1b' "wei‘ght is 5 feet from the fulerum,
. &\ - b U
(v) A s0- 1bs ,weight on one side of the fulcrum balances a 60—lb

weight on the opposite side.

(c) The lever can be used to :E)
H : L . . .
aid in moving heavy ' o -

" objects b& pushing down
on one_end of a bar wlth

the other end. under-the

weight «ta be lifted, as

shown in the sketch.
~ T A Q\_)that the bar is- 10 feet.long' and the fulcrum is placed
' \\\:? feet from the welght to be 1ifted

- !

/a ' P T

P . If we know two points on a’line can we compute its slope’ S@ﬁée'for
" every two dlStlnCt p01nts there is
o ‘exactly one 1:Lne, and for every nop- - ' Y . '
' vertlcal line there is a real . -
number which is the slope of the
line, we should be able to find s??h

a number,

) We shall begin by looking at
the graph of a particular function, 'J

o x w2k -
o x. 5 X 3..

'The points labelléa in the figure
'néfé on the graph, since each.of the
6}dered pairs (0,-3), (2,2),
and~, (5,7) ‘satisfies the equation.

(09-3) ’ - L

By insglecting the equation

‘- 3 we see that the slope

ERIC
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If we use the pair of points (0,-3) and -(4;79, the.ffaction_is:

» / .
A - .
4 A
* o N . 2 r, i ’ . . 7"‘—’ i R ’ .' ’ ) - .
? the line is s . How could we compute the #lope if we had knowh' only .
that .the pairs (2,2) and +(%,7) named points on the line? Ve might*

note that moving trom (2,2) - to (4,7) "could be accomplished by moving
from'V(Q?E) to .(E,Q)J ‘and “then from (4,2) to (4,7).° That is,

we could move "2 units to the right and 5 units wward. . Since each change

A Y

i3 in a positive direction, we can obtain 2 , the number which is the slébe' A

2
13
the line, ¢rom the frazction A S v e ’

. [ 4

dif'f'erence of oMiinate
z

5§ B -2
- oldinates o, -2 . 2
difference of abscigsas - .o b-2

Ac a further check, suppose that we had used the pair of points S L
. : : . - : - o -
(0,-3) and (2,2). 1In that case, the, fraction would have been -

Jirfference ol'"ordinates
dil'ference of abscissas

= .'.> ',_ln
2 o . .

PR AT
: R I

/f“ Exercises 17-1ld-.

(Class Diécussioﬁ)v“

1. Consider the &netion [ & x = =3x% + b.- _ St

(a) What‘isvthe slope of its graph?

(o) Check that the ordered pairs A(-l;Y)L B(2,-2), and C(é,—5>

saﬁisgy.tbgbequation v o= =3% + b, hence A, B, and C are

points on itfs graph. _ T ? : .\\\\ - ,

(¢) Locate poNte A, B, amd C -on a’coordinate plane and draw - . .
the graph of' the equation, T T A
. . v . . N . *
(1)' '(’ te t) 1 oo % S ~ “- R
‘ Compute the value o! the. {rYaction 3 . . .
~iivferencd of ordinates .- - o St
1ifference of abscissas e '
! : . BN . . b
tor ?ach ot the following pairs of points. .
B . R . o . : v
I'oxr i B = _ __2 _ .
11?. A oand - B, To(-1) T T

! For A anl C, = = b i
.- R E : -
, N
‘For B oanl C,, .

. v )
~—_ I -

. .

~




. N . B Y . ) i . . .' .
- \ i i oL L R . - . \
- . . . C . H .
- . i " . ~
- . . s e
N . 7 B ,1'- 8
N

. e Y
! Tt v For example, try computing' o ) » j A
s S o For A and -éiz Z_:_i;gl = T LT
> . : -1 -2 - . . -
R © Bor A and o 77;4_%1= S o
E . . 'F'.or B 'and E\ —ﬁ_il . ’ o e ) ,
- . - : X ."'v o . ’ . . L ow
0 -
. All of. this leads to the general statement' .
If- P (xl,y ) and P (xe,yg) are two points on a non-
vertical line, then the slope u of fi is given by the formula
. L : J2 —'ylv "
- ‘ % % . -
. - %o 1 N @
~ We can conv1nce ourselves—e*athe truth of tﬁls statement by the
. following argument' ‘;'
- ~ Since Pl"and P2 are on the line of which the general equation
- . X . y—m+b N ) : . .. . .
by substituting the coordinates in the equation we get the tw&etrue
statements ., - : - . ’ R
. 2. . . - )
Vo . . ) y2=mx2.+'b ' . : ’
. Yy = m*l + 55 .o o )
< ' . - v
, Subtracting: s e L e v
B Yp = vy = (mey wme ) + (b= b), L
Yo =¥y = m('xe,'_ x). 40

PR
s

Sinee the line 1is not vertical, X5 ¥ xl, ‘hence:- xqv- xl # 0, and e

we can divide both sides by the number x5 -;zl, getting
. bl §
B y -y Lo .
kY 2 1 = m h
Xy, = X B / - '
o co TN \
’ v .‘. ¢ F‘ .
& .« . ."(\ } . M
. / _ .
: ) 8 . . # .}
‘ . - Ig . -
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2. Wham happens if‘Jou use the pairs of coordlnates in ‘the apposite order?



. " . ’ . 'v - .. ’
Exercises 17-le

‘For each pair of polints? A, B find: RETEEN

(2) the slope of BBy : .

- (b) the length of AB . . - L .
C © . - Lo B . -

-( ) the midpoint of AB - ‘ - R . ;
Lo A( -7, +3)s% B(5, 2) . ke A('&g); - B(6,0) ‘
2. . -_.A_(-7,3); B(8,3)° - . . 5. A(0,0);] )B(-6,-2) "
3. A(3,-12); B(-8,10) - ° 60 A(-T, ;,'B(0,0)

‘ ’ ,‘ r o .
Now that we know the relation between the slope of a l1ne and the . i

coordinates of" two points on the llne, we can use this knowledge in~various -
= .

ways. For example, if we know one point on a l1n.e and the slope. of' the line, )
“'we--can locate other points on the,, ine and thus draw the line very qulckly
Example 1. Draw the 1ine with slope ,' L A .

%' and .passing’ {<1rough the point ‘

(21) i : ‘
& |- . 1y

-For any other p01nt ' (x»,y') s . & Q)

on the liné, we can write 1] : - ]

If y-1=5, y=6.

If x+2=3; x=1. : g /A (1.p)

bHenCe -(1,6) 1is also on the l1ne / T T

In fact from any p01nt on the graph ' (/;

we can find another point by adding | -
T N - ,

3 'to.the abscissa ‘and "5 to the e A . =21 | "

ordinate of the known point. Since = /

2 =22  ve can also find points’ by
B 3 ) ; .

adding -3 to the abscissa and -5.

A
g

to the ordinate.. ‘Thus for a line

. with slope. 2 | if we know one point ~/ . | '

-we can find as many other points as o

we choose by repeating the count

O
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"5 to %he ,ri‘.‘gh;s'and up L 'More. _.po'int.s couléi‘ be reached by counting

y "5 to the left-and down ™. ‘ 44— - !
A o . : _ ’ . Y- ] ‘
Example 2. Draw the fraph of . i ' »
-.Y.="3El.x*5'., ' e -
) : - I N CE NI D .
lNote that the SlOpe'IS -z ; - -
o . T N ‘
Since - = = = , this time the |- N (9,50
- 3 ) T
) . o . i L ON L - A\
count is " "3 to the right ard down - ’ A §
2" or ”3 to the left and?up o, . RS TEV NS
- - L
To tlnd a otartlng point_on the grdbh A
we mlght let: =0, in wh;ch_case T . (B, 1) N [ |
. . . 0 ~
¥ =5, -
. o
E . h

The value of Y when x =.0+ is always easy to rind. - For an equatibn
inthe form y = mx + b, if .x =0, y. = b Hence the point . (0,b) is
frequently used as a §ta%tihg point. Since it is the point whetre the graph

intersects‘the Y-axiéi' we shall" call 1t the Xﬁlntersectlon of the lin

UThe»value.of y at this p01nt is called- the z-lntercep of the llne. ﬁé,

Thus we .see that 1n an equatlonf f the form y = mx‘+ B, the number

‘mois the ‘slope of the ]1ne and the number b is its y-intercept. For
- this, reaspn, y =umx +b is called-the ' slope-lntercept" form of a 1ipi?r
.equatlon. ’ .1 o :

»E,(amgl fmw the graph of‘ Y -
“ ' __2x - 57
. Here the y—intércept is -5, -
50 (0,- 5) is a convenlent etaftlnn . . .
_point.  The s;ope is 2, "which mlght‘ _ o o]
.be yrltten in.fraction }qrm as -% .
. From any known point on the line we . - (1,439
can find another point by counting: o :
" to'thé right,and.up‘-E”. - g TA 5
N T —
. 4
i

10
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. Exercises 17-1¢

15

R : o = p
1. N Stafz:the slope ofr each of the following graphs. N
(?:))‘ : ol ’ (b) | . v
R Y Y .
(1,4) ~
Tr _ -
. N - N
* / , \ ‘
’ ( i . —2,1 :
Tty - - X
S B
A / 0, ) . \ 9]
- /\ (CJ-E)
-3 y. v !
v _ N
-/ N
t |
' o (=) ] . . N f
e '
~ ,Lj[ v
(.
.. N L1 (5}2)
B . - L : %
) -_{ ' e
Tt I AT 10
! 2
2. For each equation, locate one pointyqn the graph, then use the slope-— .
to ihd other points, and draw the graph of ﬁhe équatiod. ’ " »
“ 2 1 ) ' ’ A ’
A) v o= 2o =D 3 ]
.(u)_ v.o=5x -2 ;
(B) = -3x +7 -
(C) ‘J = % X +';_ T
. v <
(’) 2w+ Yy = 9 -
(e) . 3x +5y - 10.=0 - N
11
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. ’17._'2 Writing the E tién,o_f' a Line Line . ) ) e ' 4.. ‘
N Y . < ¢

. Wha“t e have learned a‘QOut ﬁhe slopes of‘ lines\cgn also be of use"ﬁ’r(

writing the equation of a line when we )\now e1+her one p01nt on 'the line and

. e
it slope oritwo po:Lnts 0{1 the l"he ,f‘. '_ -~ Sty X
~ '3 A
mple L. Find an equation in @e slope” %ntercepp f‘orm y + b of the ~
1) ..
line ‘through (9, )+) w:L‘dh slope 2z ', y -
\ . v 3 ] X P 'v’ . /‘\).
~ - BT, B
' . Since we know that_ ‘m =13, we can.write the equation'¥y e a
. . . N - . . S e .8 , b . .Iv e
: Co : H ? 2 + b . ) K LT % o
. ) . R ‘ =< x e e i .
.. s a . Do y 3 ! . ; hi g '\. .
. . . . . ~ . | . “ .. - T
W . [ Now, if the point. (9,4) 1s on the -line then.'ii:s,coordinates satisfy
the equation of the .line, hence @ ' ( I S
.-»O . . . . . - . ) l 2 N : ‘ . . . . . ) )
] L T b =" (9) + b » ) : . . K VN S
o o < 3 . . B T ™
must be a txue sentence, - What-vaiue of b wakes® it true?- e e
v ‘ : ’ “ . . L. '
o h26+1 : R
) R * . . o . - : T
“is true’ for b = -2.. . : <

Thus we now know values for m and b in the equation y = mx + 5. -

By s_ub}tituting these va;lues; we arrive at tn_e desired equattion: <

do L2 = )
T . (\ : y = § X - 2. o o '
Example 2.  Fihd an eqnation _in.the form y = wmx + b- of the line determined _
o by the two pomts -2,5) and. (2 A1), . e :
o ' < o
- Here we begin bJ calcu’lating the slope f‘rom the coordinates of the L
twd known points: * - . .. - . ' :
- _n%i_ 6.3 -
Prg-(2) " FTT2
Thus 'y = ~3 x +b. o |
: LoD 2 - ‘
Sincg one point on the line is (52,5), i
) ) Co - -5=-§(—2)_+.b . .
R 5=34+b : ' ;\%
S T -V : S o
Subqtituting' —_éi for rn‘ -and 2 for b in y =mx + b, we get the N
e uat'i‘on\: ‘ ’
' N R TS ‘
‘l R _ N 4 s

,‘? N J . . LR T

4"\7_
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1} I'e . ’ (Vg ¢ \/ ~ g . O o ‘~ : R
RN \ . ‘v. . -( ‘ . o . ",\' , '. o L' -, o A
e e ; Ve*ify for yourg lf‘ the f‘act that the pomt ,~’l) ‘is o’q’the -
;“.'Q‘. graphof y = "3 \ : ’ L *\ T T
A R ot v‘f_ '.,'« e 7o : . o o ) wt
. B i K . . i . Y . o . « -
' : R R e, Exer_u( I"( 2a e R
.3 - . i . - . \{\ I p ';#“r'
1 4 Fov eacb 3i€ the™ f‘ollowmg, wrlte an equatlon 1r~~_ 1e slope—mtercept
v > - - - ]
| . L & . N ! -
D LO""l Ve '”X’*“b e SRR TR R 9{(\.»
Y, ) ' (‘,a)“"i‘hg. _line"thr_oug (l,)) w1t{1 slope . % ; C Y R
A s - . ’ N : / ’
_ (b)." The line throug}lx (2,1). with ‘slppé -%. . ' . V
2 - : N o5 : . - e - L~
X «2(c) The 1.ir1e with slope - and y-intercept . 5. . o ~
’ ° ’ .Y . . L ? . .
I (4) The'line .with slope O and J 1n+er(_ept el L - '_
- . N N : ' ! .
. ‘(e) The line contaln'ng pcuntc O 5) and (8 l’-‘ %, ¢
(f) The line contami*xg pomts .(0 3) and 3,129\‘ m
. (g) The line ‘through ‘points (O, 3) ’nd.'- (- T
e
/ : (n) .The line determined by poinfs’ ('— 2) and (7,5)
2, Consider fine £ ,cqntalm_ng the. points “(2,3) ahd._ (9,5) - wi@ich
of the Lollowmg p01ntsh1e on the line? [Hint: Af"irst determine the
stope of £; then, LOI) each point, compare the .‘slope' of the. line
through tkat point and (2,3) writh the slope of :’!.]
. . (30’1% g : o (a) (es,9) - ¢
. 5 _ : -
N ) . . .
(v) (7,4)" T~ 7 (e) (19,59)
. 3 : ’ ’ v - . -
LY ‘ 5 -
_ () (22,9) (0 s819) |
N . . . . R _
st T e - L M o ‘ : L
: L 7 - .
- : a . . [ m - B .
e Il“ﬂl’lg an equation in the-form y = mx +.b of a llne through o
‘e gilven p01nt vith a given slope we mlght reason as o”ows
| Lo Ir L(_"l’yl) _and P2( 2,y,a) are. two points on a non- ; 2
I vertical. line, the-sippe m" of P1P2 is given by th? formule~.

I s L A

P N - ! e by - X
© Since x4 # Xy, 'We can, mu’ 1pU
L d < L
‘\-\- - .- . . . . :/‘:, -4
[

O
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) o S ' e~ S PR roat
B . ’ _' “. . : Y < \d . - . \ -— . ‘., Fan)
- ' I e _d ) h /’.\V\Y “
h t h” s i . .
Hence an equatJ&on &t e llne hroug P(Xl’yl) x(lth loped ig . -
A - - - R P T s .b
- ‘ e fy Sy s "(X -\x ? B T VUL
A e -( R ' Lo R Y
Examp]er .'Irﬂ t;e an equatlon 1r1 “the fom.--.;/ = mx.+.b g‘_for r;he-’ lige vf:hror_ugh :
._' : 2‘. ’ s < .8 Lo .
(9 l&) with qlope 3- . . » ;l, \ PR R 4 1
. ) KE . ' . o 2 i .
We know th&o (9,4) " is' a point on ghe lines and that m = 3 S ’
. . A ) ' (
Henc"e we can writ,e ¢ /\:‘3_ .

s
B
—
=
v
o -1
=
W N
-~

e .
. ; . . <
’ 31..-:' % X - . g o .
J _ ¥ - - . . ~ . . , . ’
e Y .

. .
<<_.\_({(< 2
S AT .
I weln ™ wil
o °
',
14
L

J
4
. 9
~
1]

=
[

c_"."'

. ! Exerc:Lses 17- 2b i
- e .
. 1 £ - v = - ¥
1. Use the, ormula y2 y‘l‘ = m(xg“ : xl)
- Nof the tollowing ' S .
(a) The Jine through (6 2) with slope ,
s (B) -The ]:me through (3, 37 with- slope . .
. (c) fhe line through p01m_:s (-l,-l)
’/\_ . - L, ". . . e e ,\ . ,
Y (&) The 1ine througk( points (0,2) .ana (2, —2') .. S
2 Conutruct the g*‘aphs of the following functlons, aspuming the domaln .
; .. to be {x , -3 < x < L), [Note that t&e domaln 1','a closed 1n<terval
henf'e each greph is-a segmen I I , /- o
1\\(&) f:_x—)x-’e ()G rx—=>-x-17 . C\
: . < . .. o .. o . nf » 2 R - 1 e
{bs F-'Qx-)-’e).t » ‘ c(a) g x~—)§)_<+§___- .
- L. ' : ",. C ) .- A . ').
~(e)" h': each.number x is asdociatedwith 5 more than one-half » *
- . , . ) . . Y ) ) . - . . .
the number. .. o ) . ) ’ - N
o . h o e . L ) . :
3. ‘Which of the following are linear functions? -
- ) o - ) : . . * .
(8) £:xo-(x-2) | o) fix o -2 |
(b) £ : x>|x - 2| ey . (e x -2 , )
. oo S5 B 1
X (c). frxoo |xl -2 ‘ o (g),'f-. wa_e .
: . v . . - ————r L
i @) £ :x-(-x) -2 . ' v Ve
y ) ) C
. -3 -
‘ - { B - - N
. s T l‘f)‘/} s - - Sl
) ) V
\ § . 19 A % .
- . P A N ‘?
s r’ “\‘ - . L. . R . - .

O
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o5 l& ‘In scien‘ce, yoy Will learn about Gay-Lussac s I.aw COnceming" the. ’ ,

\.L. 7 L relaﬁionship betyeen @gs pressure d.fxtempe f. You widl probably

STy Ao “do an- ex-pérlment planned to convin e you of tHe truth of that Law, .

S WQiCh‘CaY? be staged gs foilOWS' For a~gas. held at a constant volume R
&\‘., e the pressure ’g} ﬁ‘ the gas varies "inearly with the temp ratuii e '

/(/T This can be written as a formula- S :
sc_..BN Lo S o
o \\iftrﬂ{’T. B - ’

Id performing an experiment on Gaj Lussac s Law, a student “ound that

s .- the pressure_of the gas wag 7.5 ° 1bs. per sq. in. at 22%° ¢, and o
7 N was 9&5_'1~bs.persq. at - 100°C . T Z
C " (a) \Express the student®s findings 'as ordére%\pa‘ AT, P) & LY
(v)  Graph ‘the functior}-}.—ad;,aated using temperature units on the. .
. ) L “horizontal axis ami pressure uni’cs on' tbe vertical axis,
. (e) Write in the form P =mT + b . an equation whi_ch describes the
oo function, ' R o ’
. . . B . » . : .
(d) what would be the pressur’e of the gas at 5\00 C? At 0° Loki
.. . (e) - At what temperature would the pressure be 1% 1bs. ger '8Q. in -7
Y. o0 Mo. per sq. in.? S STy, .
_'n‘.' vk : ‘ ‘ i . ) . -
/5. . On the graph of.the equation ¥y = 2x +-§- there is no point {(x,¥) .
such that - x and 'y are both integers. . ' . N
S (a) Explain why this is true.. LA . . Y
S : . » . L s o
(o) - Write two -other equa.tion{ for which the. same statement is trrue._ )
- ,
° 6. Construct a flow chart for f'ipding the slope of a llne, given the
! coordinates of two different‘ points, on the line. :
¥ A v > .
» o = -
). .
- AR ’ ) b
. >
“ . . . e . N
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17-3. Parallel and Pemendicuﬁr/Lines' G o P
i : : ‘ '

Earlier in this chapter we mentioned that 1t is poss:.ble to prove that B

Yk-the graph of any equation of the f‘orm Yy = mx + b is a straight line. \In
: decid{ng how to prOCeed with the proof‘ we. sha_,} first consider a particular .

“equation of‘ that form and' the graph of the equatlon. ,'\
. ' e
de o~ . T ' _ - Exerc.iags 17-38. o _ e -
o~ \ (Cla\ss Discussion) B ,

o

1. “ For the equa:tion y =2x + 3,

. (a) .When, x = O y= ? . LT
(4_ o 7 T —— \ .
. ~(b) Wnen x=1, y=_2" Yy o .
‘2%~  Since thelordered pairs (0)3) . \Y %
. and (1,5) -satisfy the 1/
equation  y = 2x + 3, its. l Q (1,5)
aph includes .the points . :

P(0,3 and Q(1,5). _ I

Locate ne points and draw- . . P (0,3) b (1,5)

- R < : ; S R

- R . PQ; conktruct PR parallel. IR
o _ to the xtaxis, and RQ L R, °* ' : '

‘Afour figure with that " !

shown here. Veri-iyfthat-. i : ' o
Ba_2_, | | "
PR 1.- °° : '

o . . X
H #N » T
o (1,0
. ! '
ol
3 \, o
. \\\ ’ . ,
- ‘\ - : / "
. .Figure 1
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jo. . . %_ L - 2 ) P .
3. Select some ‘other pm;n_,‘e o - ' - g
S(/,y) on PQ ) ‘Y E ~
\ S| R at T(x,3)' _ g ’
b Represent the” length of ) E l (x,y) !
. 'S’I‘ by z.'; Checkyour ‘ 1. -
‘ .figure now.with, that oo ‘ (l’g) : %
. ) ~ - - L “ -
R . s_hown here.v,? . : !
. : - R P . l
, 3 . :
. R 2| N l ’ M
: - N B .
y MR L .
. - . ‘ P‘L—’-#.—f——-»— )
: . . T 1T (553
- : P IUR T .
. I+ |
L . | T
N ; 1]
. oo
. ]
: 1
; o X
4 ——t —
“ S| :
. |
*% I ;
y : : ) ‘ N ' : A :
e = Figure 2 . .-
o ’ B S
. . .
L, Use the geometry of similar trlangles to. prove N QPR ~ D %PT -thus -
showing that e . . '
. o » x - 1 . - L
. . » "_7 4
o~ o T
Ly =2 + 3= ? .
s, S . represents any 'point’on. BQ other.than P or. Q, and ‘the
) . coordinates (x,y) of S satisfy the equat® QY =gPX 3.
B -far we have shown that if a point is on ﬁ,- thed its coordinates N
’ " satisfy the eguation y = 2x + 3’. To compléte the proof that the
liné is the graph of the equation, we must also .show that every point
,_(\c,y) for whlch the sentence "y = 2x + 3 is true ‘must be on the
‘Iine,’ ’I‘o do this we. select 8 pom.t not on the llne and show that if
its coordinates satisfy the equation there is a cont.radlction.
|
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' : Y (h,y")
6. On your figure select a point N
: .. A not on PQ. . For example, 1 : ®
let A be (4,y).  Through_ N N
A draw 7E;_L1§§, at B. '~ : )
It will intersect PQ at 1 .
Lo AAersec : | }
T . , B B
) some p?int_ A ‘ whos.e | A' (h,y) .
o coordinates dre (7 , y?). ¢ v
. are . ¥y L .
. : & A
‘v ' .'
! ) IR .
1
!
. .
-
. . # - :
. | ] - :
, Z Pl i
o -1
I | . _
] i o 1
Lo i -
! ‘ { ! ; N X
1 H 14 ‘> -
, 11 I ol .
S I
. ) A ‘y |1 ! —_—
1. Assume that the coordinates of A satisfy the equation y = 2x + 3,
. Then ; “w o S ‘ '
o . y=_2 ,and A is the point (4, 2 ).
8. However, A'(4,y?) is on E%L',and we have provéd that if a point is

->——

on PQ, then its coordinates satisfy the equation  y = 2x + 3.

Hence ..

and

A" is the point (2, 2.
AWe’have shown that the coordinates of A'; a point on “?5, are the
same as those of A. -‘HenceA A- and AY are the same poiﬁt} This -
. contradicts our assumption that "A 1is a point not on Gii Thus if
the coordinates of a point satisfy the equation y = ' then the
onint_fs'bn(the line which is determined by tyo_ordefed péirs tﬁat

_satisfy the’equation. ' e

19
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o : Throkgh'theAseqhence of exercises'aboved we have shown that the.gfaph_'
(\g . of y = 2x + 3 is a straight line. ) i .

\] . .
We could use exactly the same ) _ IR ' Xy -

sort of’ argument for each individual
. equation of the form: vy = mx + b _ ‘ Y
to show that the graph of that

particular equation was, a straigh? S o - (X,y)
-1ine. It would save ‘time, however, v
to g through the proof once, for

ral equation

y ; mx +~b,. m £ 0

using the generalized flgure shown

. e B XCR N

hereu

(x,b)

==

: - Y. :
I The proof would begin like
this: - P(0,b) and- Q(1,m+b)

o, = e a— — ——

: ¢
are two points on the graph of

y = mx +'b, - since both pairs of 0 -

coordinates satisfy fhe equation.{
] If _S(x;y) is é‘point on * l

%5, then we can prove that , .

A-STP ~ A'QRP, and hence thet ] F) '
i_m . ‘
X 1 . ' -

) y ='@x + b, - . . :

Thus the coordinates. (x,&)_ of any.points on PR satisfy fhe equation

y = mx + b ' : ' ) : -

. —

8
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Exercises 17’ 3b N

1. Complete the proof of ‘the fact IR ‘Y . S
that the graph of.’ SRR I .

-

’y=mx\+b, m#O, is a
. 's_traight line by proving
‘that if point A 1is not
on’ I;Q., the assmnﬁtieh thaf '
its coordinates satisfy the -
equatioh ‘leads to a contra- -
. diction (see Exerciseg

" 17-3a, 6-8).

(0,b) B

-

2. "SFor the equation y =mx+ Db, if m=0, then y =0+ x+b=b,

3

In the coordinate plane, is the graph. of y -"b a line? Explaln..

3. » Is the graph, in the coordinate plane, of the equation x»=k .a -
' line? Explain. S . Yoo

~We s'hall state the fact that has been proved as the first of .our * -

[ .

fundamental theorems in this chapter : ' o o »
. -%y, ] R . L ¢ e :
Theorem 17-1. 'The graph oflany equation of the form F = mx + b
"is a straight Yine.

You have probably noticed that two distinct 'nonvertidél-iines with
the same slope yeem to be f)amllel In fact, we can prove very s:hmplz that .
this is true. member that if: we have t 1ines in the same plane,- the
lines‘are eithe parallel or they interse:S/

) »

slopes ‘are eq then the lines cannot intersect. : 35,

) B V

ERIC

Aruitoxt provided by Eic:

We shall prove that if the® ° L



p .
Suppose that. £ V and £

» are v

. tio - dlstlnct Wines whose equatlons -
are S A SO ' N

. . v . S )

Ay .ox b} N
— “ R - -
- . = + Bt ‘(
.)Vhere bi % bg. . g

-y R

_ If“the lines Intersect at{SQme

+ point P(x,y),i then at that point

_ ‘ _ e
the ordinates (values of y) are
equal, so
WX b bl = mx +'b2x _
R AN
Hence ) bl = b2’ LY
- . which Lontradlcts the assumptlon that .
* . o ' . B - A
We have proved that for two distinct llnes W1th the same slope to”
1ntersect leads to a contradiction. If they -cannot- 1ntersect,‘they must be
S~— B 2
parallel. .
; v We. can use a s1milar argument to prove the converse of thls that is,
Jf two nonvertical lines are parallel then thelr slopes areg equal o 2
Suppose th§?¢a§}Q and 22 are
two dlstlnct 11nes whose equatlons
are " ) P . o T e
4 Q N N ) = o
£ M4 = + . ':
. 1P Y =X b1 A
ﬂ m2x + b .
and that ;1 || 1!2, .
w - g ..
X . We shall prove that 'ml = m, -
! N by showing that we have a contra- :"
. diction if - F, 2
; m
2 .
4 The y-intersection or £, is
- '_ v '(O,bl). Through that point we can
o, .

- : o ’ draw.a line #_ whose-equation is

« . . 3
. = mzx + bl.

a26
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* can be stated as. follows

EX3
+

. ~
v

Now, £ Il £2, because we have proved thatﬂif “two letlnct llneS have

the same ulope, then the llnes are parallel

"v Thus.we have two lines, 2. and "2 'through~the point (O,b'),

. 1 3’
both parallel to 2 This contradicts the Pgrallel Postula e, which states

o

that through a glven roint . not on a line there can be only Sne line parallel -

‘to.the given line. ~ p ’ . .

B .

. Since "ml # my leads to this contradictioen, 1t folloys that it cannot"

rl

be true, s0 m1 m2 must be true.-
Taken together, the two - facts Just proved constltute a theorem which

Theorem-l7;2 ) Two nonvertlcal 1ines are parallel 1f and Onlj if they

have the same slope. L .
. A " . " ) . o~ .
: ' — ' E Check Your Reading ' °
1. . VWhat did we prove about two llnes with- the same slope°
2. If two lines” are. ia the same plane and are<pot para]lel what must be
' ,; true about them? T Ty : ,
3. The.method,that we used is sometimes called "Proof by Contradiction.

7 In this case, what fact”is contradiptedlif the lines are assumed to

intersect? - _ LY .
) ' ) o - Pl J
Sk, What did we prove about two nonvertical parallel lines?
'5-- ) How~did'we use Proof by Contradlctlon to prove that two nonvertlcal

}paralleW llnes have the same slope° . .
. ’ ' L R
6. Stated as a single theorem, what has been- proved about two non-

vertical paral}el lines?

.. 'Suppose that two' lines are vertical? -Such lines have no siope, but

the& are parallel to the, y-axis., . Thus any two vertical lines are parallel,

‘- o



1.
/
2.
~I3.
N
lines

The vertices of the quadrilateral ABCD are A(2,1),

Exercises 17-3¢c

° . For each/of the following pairs—of equations, find a value of p so

that the graph of the first equation will be a line parallel to the -,

graph ofs the second equation

(a) y=px+3; y=x

(b) ¥y =px=-2; y=-2x o

(c) v =px+2L; Tx < 10

() y=px+9; y=3

(e) ¥ =px; 3x+y=14 .

Which of the following are the equations of lines parallel to the

. graph of 2x - 3y 17 ' :
2 - ' 3.

(&) y=5x . (@ x-gy s

(o) y=-3xwe © () E2x=y-5

(c) 3x-2y=1 . .

The vertices of A ABC are:" A(-2,3), B(5,7), c(3,- 1)

each statement below, find a value of k that makes the stateméht

true, - - ) o
 {3parallel to BB,

AC., - .f ?

(a) The graph of y ='kx.1 7
(b),'The graph of: ¥y = kx is pazallel‘to
(¢) The graph of . kx + y + 5 0 is parallel to .-B—C

B(3,5),

c(-51), D(76,~3L. Prové that ABCD is a-parallelogram.

We: have seen that - the ppgren relationship between the slopes of

and their pazallelism is, in fact, true. Now let us look at some

other lines and‘theil slopes.

ERIC
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Exercises 17-3d -

(Class Discussion)

1. " On one set .of coordinate.axgs, draw the_graphé of the ﬁplloﬁing-

. - equations. - - e o '
;% - o S N -
(a) y = -3x+12. { e /

(B y=-3x-6 4 _ ,_ |
() ¥ x-f%

Wi

TN (@) y=-3x-15
(e) ¥ = 2x -klI_

2. The region bounded by segments of the above lines is shaped 1

pentagon, as shown Ry the
| shaded area-in this figure.
" How many right angles does
' “the pentagon seem torhaVe?' .;' _
v_ (You might'uée}a~cQ£Eir of- -, A
‘. ; a rectangﬁlér card to‘check ‘ -
vyour,hunch.) SR - .
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3. 'Refer to Exercises 1 and 2 above to complete the follqwing table
concerning pairs of lines which appear £ be perpendicular,’the i~
equations of the lines, and their slopes.;_ "

.LigLs Equations « - Slopes * Product pﬁ'Slopes'
- . - . . X ’ . L T
(v @ - ’ .

@ (o
’ (C),' . .}

(e) —_ —_ }'
L, ‘ Complete the following statement based upon,ihe table above°

Two nonvertical lines are #f and only if tne

product of their slopes is _ .
L C ..

* The statement in Exerclse L above was based upon a small number of
cases. However, it is a. rather well -known -theorem. . Let us have a look at '
a proof of it. Remember that the phrase "if and only il 1ndicates that

we Tust prove two thing _
‘. : o
(1) If the lines are perpendicular, then the product of their4

- s

slopes is -1, ~and. )

‘ (2) 1if the product of the SlOPES‘iS '415 then the lines are.
< ' perpendicular.\ 4 ‘ ‘

= 26
30
O
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" and such that - i l

roof of (1):

. We look first at two lines

£, ,end L, " through the origin with' '
equations: . K

21 Py o= mX

22;:-y = m2x

2°
At the point R(1,0) we
_construct. RP | to the X-axis;

intersecting £y gf P(l,ml).

Ve also construct A 05Q by

haking. s a.
such that 08

construgting
22.

. . Now we
[Qos = /POR,

Tt A 0SQ £ 1t

Hence

=m end then

segment of the X-axis'

1
'sﬁj_'o—s_', ‘with Q on

can show that )
and thus that i
4 PR§. '

Y

.Figure 1

SQ = OR =.1, and point Q has coordinates (ﬁl,-l)-
Cq o ' . _-1-0_ "1
Thelslope Qf 21 is my, gnd the slope of: by 15 m, ~vm1_ 0~ " m
Thus n, = - 1
. o
and ) . “ ) a ‘
' e my s Wy =l
4
A
Uk'

ERIC
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here, in which lines . - B .

- intersect at T.
L
othe origin.

~'we know thatrtheir equations are:

Suppose that'the two lines

intersect a¥ a. point ‘kher than the
origin, as, in the figure shown

oy =
oty =mpX 4 b

Then.lines || k and .
ll Xy can be constructed through

e
From geometry, we.can show
that 2 1 22,~ and from Theorem 1[ 2

_._zl 3 y = mx . - . ) .
—. . BN ; o £
O
Since Ei and,,l2 are lines = . _ . s '

through the origin and 21 1 )

ml'"’z

_Thus we’have proved that 1if any two nonvertical lines are perpendicu-

" 'we know that . . e 1_r
‘ ,l . . =-l' : . ..‘ '. . o R o .

'lar, the product of their slopes is -1,

Check “Your Reading

1.  For lines £, _end £, 1in Figure 1, what are the‘equations of'the
’ lines? What is the relation of El to‘.le? . - .
2, ‘Expiain how 4o prove that 4 0SQ * 4 PrO. _
" 3. 'For Figure 2 how are. 2 _and ﬂé 'cOpstructed?"Explain how it - | ) '
follows %! it if K 1 k2 then £, 1 22.' ' '
h; If the s1ope'of k, - is m and if #l'll Ei, what is the.slope of

Ei? "How do you know? e

‘5. .  What have we proved about the slopes of two nonvertical lines that

are perpendicular to each other?

v ) °

28




~ : iy ‘ v

\\3“ The proof'of Part (2), that if the product of the f&opes of two lines

i8 -1, then the lines are perpqndicular, will be asked for as one exercise’

in Exercises 17 3e..
& : .
We state the follpwing theorem about perpendicular l1ne5'

Theorem 17-3. Two nonvertical lines are perpendicular if ‘and

~  only if the product of their slopes is -1.
. "Exercises lT-3e . e
1. For each pair of . equat ons, determine a value of m 1in the first .

equation such that . its graph is perpendicular to the graph of the

second equatiomn. ,
. (a) 7y = mx -4 and y = 3% +2 : N 4

: - e R N |
:(b) ¥ = mx fand y=-35%x=3

(9)‘ y = mx‘+ 1 and 2x+y = 3
td) v = ﬁx -2 and y = % x
. ~ ’ .

2. » Which equations given below have graphs perpendicular to the graph

of ¥y = L x? ’

. (a) y=A2.-2x. (a) 2y = -bx + 1
© ) wezy=3 . (e) y=2
v ) xmay =3 ‘

é. _' Write out.a proof of the second part of . Theorem 17-3. That is, prove

that if the product of. the slopes of two lines is .-f then the
lines are perpendicular. (Hint' first prove.this .for two lines

2

through the origin, constructing line "4 " in Figuré.l on page 27
in such a way as to make A 0sQ = A PRO.) o

.&,’v

’

L, * -Since mi . m2 -1 and me‘- - %1 are true for the same values of

m and_m,, we could replace "the product of the. slopes 1s -1" ‘
by "one slope is the negative of the reciprocal of’ the other slope ;
Rewrite Theorem [ 35 making this replacement

5. . Suppo e ‘that one of two perpendicular lines is a vertical line.

(a) What must be true of the other 1ine? ‘ A
(b)' Why are vertical ‘lines excluded from the statement of the theorem
about perpendicular lines and- their slopes?

ERIC
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6. ' Consider 4 ABC -with vertices -A(2, 3), B(5,9) and c(11,6):
‘(a) Find the lengths of tpe three sides. . i
(b) Find the slopes of the sides.

. S S ‘
(c) What kind of triangle is A‘ABC? : .

(4) Prove that the line .Joining the midpoid/s of segments AB and

T ] - BC 1s parallel to AC.
7. Show that the guadrilateral joining A(-2,2), ‘E(2,-2), c(k,2);
. . end D(2,¥) isa trapezold with perpendicular diagonals.

L (A trapezoid is a quadrilateral with one palr of parallel sides, )

8.  Show that the quadrilateral ABCD with vertices A(2,1), B(7,1),
' ¢(10,5), D(5,5) -1is a.rhombus with perpendicular diagonals. -
: (A rhombus is a parallelogram with two adjacent sides congruent. )

9. - Given pointe A( 7,3) and B(97-9);- write the equation of the
' perpendicular bisector of AB. (Hint: What 1is the slope of AB7
What -is its}midpo}nt?)

T
- M %
- " A}
hand Y
Y | )
- ' N
.
’ . |
- * . ,- -
l“ ‘
P :
N ‘ 50
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= 17-4. Translation of Axed; Coordinate Proofs of Geometric Properties

g

Now suppose that we look at some figures in the nuﬁber Plane and see
what'happens’to them when we shift the cobfdingte axes. Wé.shall restrict
" our .shifts to ones which keep the axes pirallel to théuﬁ%lvés;‘ That is, the
Y-axis will remain vertical and the X-axis will remain horizontal.‘ Sﬁch .

shifts of axes are called translatggg

3

s

. Exercises 17-ka

(Class Discussion)

1.  The figure here is made up of 4 jyd 1y
five points, A, B, C, D, ' -
. E. . We have indicated two =]
g - ! )
N sets of coordinate axes, the - ' R &
. ] ot
(x, Y)—a.xes and the B rail
: t E
(X', y")-axes. .
(a) .Give the coordinates of
each point with respect —ieg 0 X -
r- . - to the (X,Y)—axéé. : ——
: R i C
(b) With respect td the . [ HE 5
. (X', Y')-axes, what ‘are - o ' - 3
the coordinates of each -
point? ' ' :.ﬁr
" (c) For each point, whgf was _ =
the relation of. _ . ¥
X' to X? of Y' to Y? ‘ SR
. (d) ;f a point‘ P has coordinates .(a,b). with respect to the

(X,Y)-axes, what are its cqordinates with fespect to the
(x',Y')-axes? . . -

(e) Give the '(X',Y') cdordinates of a point whose. . (Xxf)

coordinates are (7,'h)

(f) Give the (X,Y) coordinates of a point whose (X! Y')

doordinates are .(7,~h)»

IS -

(g) Think of the (X’ Y')-axes ~ as representing a slide, or
translation," of the (X Y)- axes, ~and describe the,slide.

i

.31
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? R (h) Wk{a‘t aI“e' f.he (X Y) d¢oordinates of thé new origin?

—

'I‘he figure shown here consists

2
.+, Of two parallel lines, £, '

2 lwith I,l determined

- ’ by A and B and £

e éf*and )

2
determined by c and\\D,

as shown. .

- * ’(a) Write equations for lines

. '_ o zl and 22 with ‘respecft

to the U(X, Y)-axes
. given. What is the A(3,

" slope of each line? /

Y - (v) Consider a translation
' _ of the axes which takes .
the origin to the point
whose (X,Y) coordinates
are- (4,-3). What are .
the new coordinates of points A, B, C, and D? .

[

(o) Write equa.tions for lines £l and’ £2 with respect to the

new position of the axes. What is the slope of each?

<. (&) Are ‘the lines still parallel?

3. - The figure shown here consists

‘of b.two 1lines I,l and ,62,

 intersectidg at A(-2,3). -
© Point B(1,-3) 1is on L

and €(2,5) 1is on £,-

. /a) Write equations for 4

. and 32. What is the
slope of each? .

L3

GC'

(b) Prove that 21 _l_zﬂe

N (c) Find the lengths of
. AC, “AB, and EC.

4

32
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o . . . . . 1, . 4
- . °

(d\ Consider a translation of-the axes which moves the X—ax1s up.
2 units and moves the Y-axis one unit to the right. What

'are the new- coordinaﬁes of A, B, and C?

= (e ) What are equations for @l and 22 with respect to the new
: POsition of the axes? : ' .
' (£) — Are . El and 122 perpe‘ndicul_ar to each o&er? Justify -your oo
" answer. ' _ v . '
(g) Using .the.new_ coordinates of - A, B, and C, - find the lengths
~ of AC,” AB, and BC. Compare these with the lengths found in

Part (c).

ok, The figure this time is . o AY,
PaY ABC with vert:lces as B(.—l,8)

1ndicated. : . i \
(a) Show that A ABC  1is a ’
‘right triangle. . ‘

(b) Find the lengths qf

— - AB, 3BC, and CA.

\ (c¢) Write equations. for AB,
' .EC‘," and CA. .What gre
their slopes?' ’

(a)- ‘Translate the axes so . . : - : s
. .that the new’ origin is ) v -

at poimt C. . What are l
. the nelw coordinates of” o # .

". the vertices?
(e) Using the new coordindtes v ‘
-for A, B, and C, . . L lvf'
what are the lengths'of AB, BC, and CA? .

: (t) _wnat_ are new equations for AB, - BC, ‘and CA?

5. . When a property remains unchanged in spite of a- transformation, such
‘as a change of axes, we.say that the property is 1nvar1ant under the
+ransformation. In Exercises l through U above, which of the
following properties were invariant under ¥he translatlons described

. ‘for. the axes? '.' '

33 ' ' o |
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(a%’ Coordinates of points
(b Disrancea between points
(J?f\bquations of lines o
' (d) Slopes of lines .
s Te), Parallelism of lines’

- - (f) P%fgendicularity'of lines

. \- .

The theorems proved in Section 17-3 and the formulas for the length
"and the midpoint of a segment make it possible for us to prove geometric
facts. For convenience, we restate here the formulas and theorems on which

we shall base our proofs:

Dlstance Formula. For points P; (xl,yl)= and P (xe,ye),

i

, , z 2
TEhFp = Jkae' )7 pmy)T

MldpointlFormula. For points' Pl(xl,yl) and Pg(xé,y?), the .

. co¢rdinates of M, the wmidpoint ofthiPe, "are
P X ¥tV
2 ’ 2 -~ J°

Theprem 17-1. The graph of any equation.of the-form y = mx + b

~

is ‘a straight line.

Theorem 17-2. Two nonvertical lines are parallel if and only if ‘they
' “have the same slope. 4

Theorem'lz-j. Two nonvertical lines are perpendicular if'and'oniv
if the product of their slopes is -1.

Eiample 1l. Prove that the diagonals of a parallelogram bisect each other.

vThis;theorem, which you have already proved by using congruent
triangles, can also be pro“ed by assigning coordifate axes to a general
parallelogram. Since we can place the axes wherever. we choose, we shall

place them with the origin at one vertex of the parallelogram, as in the

1

34 o iy
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figure shown here. Then. - ‘Y o
the coordinates of A
are (0,0), and the .

second coordinate of L ' . ’
. . N . - N . . d h
B 1s B, I D (d,h)

We have chosen to .-

. use Db . & the first

coordinate of B,  and

to use thg lettzlers s o 4. ~a](0,0)
and h as coordinates . - v
" ‘of D. So B is the S o .
: - - ’ a j_‘-' . “'g' ‘
point (b,0),. and. D ot . e
is the point (d,h). Now we shall assign guitable coordinates to ‘c,

making use of the fact that ABCD is a parallelogram.

Since IC || -A—B, the seco“nd_ coofdinate of C 1is h, the same as
the second coordinate of D. "Since the opposite sides of a parallelogram
are congruent, DC = AB = b..'; Hence the first coordinate of C is d + b.

The figure with "Y‘

/

appropriate coordinates = . - . ¢ PR ke
~aésigned to the -verfiées, o ) _
and with the diagonals - 1. - R
drawn, is as shown.here., - o ' p (d,n)

We shall prove that
AC and BD bisect

C (d+b,H)

'each other by ‘showing ‘

that their midpoints : . ) i
have the same ' : A 1(0;0) : - B (1v,0).
coordinates. . . ’
From the Mid-.‘r . ] L L
point Formuld, we find: o S
. LY . .
Midpoint ot TG - (o +2(d+b)_’0 2+ h)
_(Lrd 'g)
- 2 3 2 . - g
Midpoint of ED = (d g 5 , -2}3) )

Thus the two segments have a common midpoint. That is, they bisect each

other.

o
-\

O
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B L . -

. . » : . ‘ . ‘. . -
Check Your glading_ o .
1. . Yhat geometric’theorem was proved in Example"V- ‘.
2. - 1In ass1gning a coordinate system to the figure, “where did we place
 ‘the origin? = .- N
3. What coordinates did we assign td points A B, and D? ’
L, How did we decide that the coordlnates of point C should be
(d+b h)? T S , , o
5. How was the Midﬁbint Formulé used in the proof?
- N " Lo
- - . ] . } R ; N

* Exercises 17-Lb
(Class Discussion) : . R
- “ . & . ’ . e T,
. _; 1. As another examplé of a geometric .proof using coordinates, consider

the following' - ' . -
- . . L l' "‘4 . N

f
{a) “On a set of coordinate axes draw A ABC Cwith A( -T o)"

BTT?GQ*\‘ifg C a point (x y) such that x2 + y = ° S
« (Hint: TecAll that. Y 1s the dlstance from the orlgln

t0'- (5,33 . \' : RO
.+ (b) Check your figure with S, _;L‘..ﬁ o -
. ) o Tk S
i ’ that shown here. Then . =~ = . : .
complete the follow1ng . . S

.

statements. -

if ml' is the slope of

.EE; _then m = 2

’

If m2 is the slope of ‘

EE, then"m2 =
-

ERIC
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. ;x'

-

() nﬁ;".me'

= ? . ?
L e v L
. a (x + r)(x - 5 X(X -r)+r(_2 ) - . .
: v 2 - I o -
xg.’-'xr+xr4r2 (2 ) ' ‘/)4‘
(d) if- x2 +yE: = re , then y? =_? an_d x2 - r2 =_?
Thus ml mg __b'__ e e .
-5 B -
'.'_HencevA_C"_L 7. oo L .

Let us see what we have proved in Exer01ses 17-bb,

¢
t
. @

We began with AO = OB = OC. Thus we know that A, B, and C' }
are points on the circle whose center is 0 a-nd whose. diameter is " AB.

This can‘be described as saying:that LACB is inscrlbed ina semlclrcle.
" . We proved thé.t E _l_ B_C', hence- LACB is a right angle.

 Since C could be any point on the circle, except A or B, .

can state what we have proved as. the gene’al theorem

’

An 4ngle :S.nscrlbed in 8 semicircle’ 1s a right angle,

This s another way of stating what was proved in’ Chapter 15,
Exer01ses 15- kb

"Any angle formed by gvertex on'a cirele and by rays from the "

-

vertex through the endpoints of a diameter of that circlel is

o a rlght angle," ) ) C e [

A



el - L I

>

Eﬁercises 17- hc

' Use coordinate geometry~to prove each of the following.
1. The diagonals of a ¢ectangle ‘ _
" have equal lengths. (Bint: Y S

.+ " Place the axes as shown and . < 4 ) B,

"finish assigning coordinates .
©  to the vertices of the Ty
‘ .Irectangle ) ‘

2.  The midpoint of the hypotenuse of a right triangle is equidistant
‘ from its three vertices. (Hint° .Locate the axes. along the legs of

‘the triangle and name the vertices of ,he acute angles (2a,0) and - -

(o)) .+ -
3¢ The diagonals of a square are perpendicular to each other.
,..c. .
;}fifh. * The line joining the midpoints of two sides of a triangle is parallel

' to the third side of- the trian le a equal to one-half of it.
(Hint: Put<one vertex at the or and the other two at (2a,0)
and (2b,2c). ) : .f ‘ - L R ' :

. e : : .
S . Every point on the perpendicul bisector of a segment is equidistant
from the ends Of the segment.’ . (HINt+- Put the segment along the

X-axis, with the‘Yéaxis:the perpendicular»bisector of the‘segment,)

6. . DHABC is placed on & coordinate system»with A at (O O), B at
~ (2v,2c) and C at’ ‘(2a 0). Through the midpoint M of BC ’

‘AM is extended 80 that MP = M. SR
(a) “Prove that. ACPB is a parallelogram. ~
-

'.(b) State what. you have proved as a general. theorem about extending

‘b‘vf-" dia" . ; : .c . . flza

O
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17-5. Three Dimensional Coordinate Systems

‘u s 12v p o
8/ N '
) - o
! e A 61
V. M gemaoo"
v — W
! :
i R o
. :\ ’}. ______ —:_—_;s Nt T 3
CAN ) I Rl ’ : |
Ml * -
° ‘ . . S . 12| A 'p -+
, ' ’

S

The drawing above represents a small room, 8 feet wide, 12 feet long
"and 9 feet high. There is a dodr 6 feet high in the center of one end. .
. From point ‘M, the midpoint of the top of the- door frame, a vire is stretched
.to a top corner ‘P, of the opposite wall. How 1ong is the wire? ’

_‘i

Exercises 17-5a -
o (Class Discussion)
1.0 Select N on PN' so that MNL 6 ft.). Thus MO'N'N 1s a
' 4fktangle, and A MNP is a right triangle. PN= "2 . .

2.’ By the Pythagoreon'Properfy, ™ = v (PN) + _?_; we do not know

& the length of MN, but we do know that MN = 2 .
O " ‘w- . ..‘: . X )
d ' MURN ' : . LN ./ 'R)2
3. . AM'RN' is alsoa 7 triangle; M N (M'R)® + 2 .
k. RN' = _7 ; M'|is the midpoint of WS, hence M'R=_ 2 -
M® N? = ,/Jlg + = /T. ' - - .
Mt N A . ‘

5. M=+ 2 +1€o 2 = -2 .
- 6. The wire is _ 7 féetllong; v

. ~.'39.
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In tl’te exercises abo&nﬁ were concerned with f1'1ding a distafnce
between two points in space, given numerical informatlon whlch did not all

relate to a single plane. This involves the location‘of a polnt in space by

.

‘means of three numbers. . "
4 ' N g
Given a point, we can describe its location on a line conta1ning the
point by assigning a coordinate system to the line and stating the unique

number which is the coordinate of the points . ~ .

.

Given a point we can describe its location in a -plane containing the

: point by assigning two coordinate axes to the plane and stating the -unique
ordered palr of numbers which are the coordinates of the pqint.

If we need to describe the location of the glven point in ségce, :

we need a third axis, perpendicular to the X--and Y-axes. ‘We describe

the point by stating an ordered triple of numbers ' E i

For example, to a sketch of
the 'room described.at the beginning . .
. of this"section, ve might assign a "ﬁz
coordinate system as indicated here, b

with the origin at point R We

shall assume that the pOsitive

direction of each axis is as”

follows: . T

¥-axis: positive numbers %o the

front.

Y-axis: positive numbers to the ° .

right.

Z=axis: . positive numbers up.

Now we can7describe each point’in
- the sketch above by ‘an ordered tr1ple
(x,¥,2). For example, o
2 ) S
R 1is the point- (0,0,0). - : - : s
S 1is the point 18 d O)

-

. T is the point (8,12 o) R S : ~
. /,: - . .
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Exercdses ]_7-5"0» _ _ Qe

-1l. Give the ordered—triples-'corresponding to points U, V, W, P,
- ' and N? -in the figure above. - :
L2, Give also the ordered triples corresponding to points M, M!, and

N 1in the figure at the beginning of the_ chapter, -assuming the same

‘assignment of axes as the one ‘described.

/3\.' " Suppose that the origiry had ‘been placed at S instead‘of ‘R, ‘with
S thé'same. agreement about thé positive dire&tion._ Give the orderedv
triples with reference to the r;éw axes for points M, M', N, N',
P, R, S, T, U, V, and W, '

1

S}xppose'that X N .YY.', and )

" FZr are fhree.lir-les intersecting in + Z .-
point 0, with XX' | ¥i1,
Yo | -ZZ-'., and .ZZ'_L‘}C-X.'

Recall that two intersecting . )

lines “determine a plane; thus ve ™ - N 4

have three p¥anes determined by the

"three li'r}es, taken in pairs.
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o L : B _ Exercises 17-5c

- The'figure shown he;e'pictureéffhreé planes .A, B; and C, which
are mutually perpendicular (A | B, A | C, B | C), with lines of inter:
" ‘Bection ‘as indicated. . ’ o ' '

- . . . . ‘r

ZI

B

1. Of planes A, B, and C,  which plane is determined b& thé inter-
secting lines . B ’ ) '
. ->—— ’ i
(a) XX* and YY' ?
*(b) XX' and Z2% 7
o — -—
" (c) YY* and -ZZ% ?

L2 S
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2, . (a). XX* is the interSection of plane A w1£n~plane __g;_
(v) .The_intersectiOn-ef planes B and C is F_g;_
“(c) Planes A and. C intersect in'.;_z__
¢ (d) The in'tersection of all three planes is _?____..
(e) The three planes-divide'space into __2_;. reéibns

3. ‘Planes A, B, and C can be named by identifying the axés which‘ f

<y

detﬁrmine the planes. For example, plane A is the XY—plane.

Give similar names for planes B and C.
\

4, Since planes A, B and c are mutually perpendicular, their 1ines
" of intersection. XX' YY' and ZZ' are also mutually per)
Thus, they are a set of coordinate axes to vhich we can relate points
o in space. For any point P(x,y,z) on ii}, ‘both ¥y and z have
the.value 0, 'hence the céordinates of the point take the form
(x,0,0) where x is some real number.  Express the form of the

coordinates of F for each of the following cases.

(a) P is on YY?,

’ * -—ym

(b) P is on 2z2°.
* (c¢) P 1is in plane A, _ . ) S i-lV‘-“H

{d) P 1is inﬁplane ‘B, s I ’ ) .

: (e). P is in the YZ-plane.

. bctants. We shall number the upper fouraaf these as'
- . drawing on the next page, w1th octants,, ;; lV TTé
rants I - IV in plane A, The octan}g Be%?w
in the same order, with V below I, VI
and VIII below IV, For any point in b"ant f
coordinates are; positive.' In octant II _
are positive. List the signs of the cobrﬂ' &tes.in th .btper‘six_

octants.

k3
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6.° _ We shall assume that by using three mutually.perpendicular‘axe53 we

-can set up a one-to-one correspondence between the set of all ordered

triples of real numbers and the set of points in space. -~
?

(a) If a point is on one of the axes, at least -
. : ‘ : - (how many)

ordinates isg(are) 0.

2 of its coordinates is (are) O.

| one of the eight octants, then __ ?2°

re} 0. *

i@g%dinaﬁe system.

“16;;2,0) 1is od the Y-axis.

,

(5,0,-2) is in the XZ-plane.
(-3,5,-1) -is in octant VI.

(a). (0;0,3) (@) (5,-3,-1)
(b) ('2:310.) (c) (‘5:'3 l)
(c) (0,3,-3) (£) (5,3,-1)

ERIC
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point is in ‘one of. the planes determined By a pair of axes,

émle_below, describe where the point lies in
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 17-6. "Distance Between Points in Space

We should recall here the distance formulas that we have found for two

foints on a line and for two points on & plane.

Exercises 17-6a

(Class Discussion)

‘1. . If P and P, 'agé_tWO‘points‘on the pumberwaine; witﬁ coordinates
X aﬁd X5y rgspegtgveiy, th;n .P1P2 =__ 7 . Since
. '{ (x2 - xi)e = Ix2 —'xl] we'cquld'wfite' Pl?é =_? . -
'2. For points ,El(fl;yi). and Pe(xé,ye),"fwo points in the number.
) plane, ~PlP2.= 7 . If-both Pointé grevon the':¥-axis; ”
y1'= Yy = 2% 4 so tﬂé disfancé-becomés _ . If both are 6n'_
‘the y-aiis, then »PiP2'= _r . B ﬁ'
. : ) .
3. - Now fhinkvabqut two points in space, Pl(xl,yl,zl) ,and’
P2(x2’y2f?2)' ’ . o

(a) .If voth points are on the gamé ébqrdinaﬁe axis, at least two
numbers in each ordered f}iple have the value . For
o ~ .~ example, if both are on thgl Z—gxis, P, = (0,0,z,) and .
. = I o 1 =/ - 2 : -
. .. B (0,0, ? ),. hence PP, (z2 Zl) or |22 ,;ll.
(v) . If_both.poinfs are in the same coordinaté plane, at least o‘ﬁi:}

number in each'ordered triple is 0; for example, if both

"are in the XZ-plane,.:they both y, énd ? are O,

S0 P132‘=_> ?

(c¢) Following this pattern:

Points | o EmfmmePlPe
On a line P (x,7, P(x,) Y (x x )2 ’
' - ’ 1V T2 } ? 1 : K

| . o - . .
In a plane P}(xl,yl), P (x5,¥5) /(xe..- x)7 0 (3 = )

What do you guESS'that'the.fprmu:a would be for the distance
' z zZ,5)?
between Pl(xl’yl’ l)' and P2(x2,y2{ 2).

- _ b5 |
49
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In order to verify ‘our guess concerning the formula for PlP ’
. given Pl(xl,yl, l) and P, (x ,y2,z ), let us look at’ this figure,

which we can imagine as a box with P and’ P at diagOnally opposite
corners, ‘and with eéch edge of the box parallel to. one of the coordinate

axes..

From geometry we‘c&h show that, since P A is perpendicular to two
lines in a plane parallel to the XYeplane P A is perpendicular to. any
other line through A and lying in the plane. Specifically, PlA l A? ,
herice A.AP1P2 is a right triangle, and PlPé is the hypotenuse of the.

: : o . : Co

triangle. ‘ - ® . |
AP, 1is parallel torthe ~ Z-axis, so we use the formula for distance
on a line to compute o ' . ’ ) )
> : (AP )2 _ (Z -2 )2'
_ ! 27 %
: AP2"lies in & pléne parallel to the XY-planej so0 Wwe use the
formula for distance in a plane to cowmpute T -
| . N Y- / 2
. L) (AP2) =, (x2 = xl) , + (y2 - yl ) .
. .
\
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For the right triangle AP, P, using the Pythagorean Property, we .

(a) .
(b)

(c)

Y .

(my)® = ()P + 2.
ROEER R R +<y2-. y2. .
PP, f(xg-x)+(y2--yl)+(Z'-.zl.)2. )
EXercises 1726b . : o ? “
Find AB given. _ . : .
Ah,-1,-5); B(7,3,7) 0 (@) A(_3.',*v+,5.'); B(8,4,1)
A(0,4,5); B(-6,2,8). - (e) A(0,1,0); B(-1, “4,-3)
A(3,0,7); B(-1,3,7)f () A(1,2,3), B(0,0,0)

. b . o )
Show- that: A ABC with vertices A(2,k,1), B(1,2,-2),. c(5,0,-2)
is a right triangle.

Determiné: if FaY ABC is equilateral, given:‘ Yoo
(a)
(®)

Show that the opposite sides of the figure ABCD with-vertices

Is the triangle with vertices A(2,0,8), B(8,-k,6); cC(-k,-2,k)

_isosceles” Justify your answer,

P

A(1,33), B(2,2,1), o(3,4,2)

A(6,2 3) B(l -3, 2),., c(o -2,-5) . Lo

A(3,2,5), B(Z,,1), c(k4,0,3), D(6,1,7) are congruent.

Given P, (2,-3,5) and P (5 3, 1) Lo

(a) ‘Find P.P ' ?

& S - |
(b) The ‘axes are translated so that .the origin moves to the p01nt

whose coordinates are (2,0,0). What are the new coordinates

of P ) and‘

A
The axes are moved again so that the origin is at the point.

'thse original coordinates were (2,-3,0). What coordinates

do";Pl and. P2 now have?

A final'translation of the axes takes the origin”to (2;-3,5).

Give the_coordinatesfof P1 and P, under this transformation. .

2

a

W7 |
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. <

For P1P2, we. have formulas for finding the coordinates of its

midpoint M, if P. ‘and- P, are on the nimber line or are in the coordinate

. L1
plane. \
. _ _ — . )
- _ . . Exercises 17-6c .
S (Class Discussion)
1. Given Pl(ki) and Pg(x2), “two points on the number line, the
. coordinate of M 'is 2" . ‘ o '
2, Given.hPl(xl,yl) and’ Pg(xg’yg)’ two points in the coordinate
‘plane, the coordindtes of M are given by\the ordered pair
(2, _2_). o ‘
3. What do you guess the coordinates of M .would be if Pl(xl,yi,Zi)

- and Pé(xg;ye,Zé) ‘are thought of as two points in space?

.'\’
)

SRt % 3'143'2 2yt s ' ‘ Lo
= \( S , 5 s 5 ) might be proved, using the figure shown here,

fro L

‘The fact that the coordinates of M: are, as you probably guessed

as follows:

ERIC
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“ Assume that M . is the midpoint of P1P2 . Draw MN || AP, and =,
,ﬁﬁ ||lAP2, as shown, ‘with N on AP2 and R on" APlf Then "N fs‘fhef

midpdint of Segment AP, in the Aze-plane", which is parallel to the

’ XY;plane, .and "R 1s the midpoint of APl’ ~a segment parallel to ‘the

. Z-axis .. ) o - -
7 N has xy-coordinates (xl ;_xe , 4! ; yg); " and since ﬁﬁ.L Ef—
at. N, these are also the - xy-coordinates of .M. ' '
R . z, +z -
i R has a z-coordinate > T y which is also the z-qoordinate
of M, since ﬁﬁ l KEI.
' X, + X

'(1

Yy +y z. + 2z
Thus M is the point > 2 5 L > ? s L > 2)

s

Exercises 17-6d S

1. ’for each of the following, find the length of AB and the coordinates
»f the midpoint of AB.

(a) A(ohs B(-6,2,8) | B .

(b) A(3,0,7); B(-1,3,7) S
(cx A(0,0,0); . B(-4,6,-3) o . S v
2 The coordinates of the midpoint of a segment’are (8,-4,1). 'If

the coordinates Of one end point of the segment are (4,-1,3),
fln@f%he coordinates -of the other end point. B

3. (a) For each of the following flnd the lengths of the sidés of the

-

triangle : N
A ABC with A(5,9,11); B(0,-1,-); c(5,-11,1)
& DEF  with p(k4,3,-4); E(-2,9;7u);' -F(.-.2',3,2)
& GHT with: G(2,k,2); H(,5,4); J(s,2,1)
(b) For each triangle in.Part (a), answer eaeh of theae qdestioné;__. :
Ie it a right.triangle? | oo

i

3 : N
- . Is it an isosceles triangle?: ) . >

o Ia~it/an’5éyilateral triangle?
S e i - . . “ . .
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e by Reball‘ t 1f AB + BC = AC,' then A B, and C are collinear -
7
points, Fith B Between A and C. \For each of the following
“ decide whether or not\;he points are collinear and if they are,

i which two are - the end oints.g S 4 :

(a) A(3:"2:"7)._; B(6-:l+:"‘5); C(12116:'l.) :1 . L ‘ \ a
- () A(1,2,5); B(5,-10;-1); c(3,-4,2)  *
«(c) A(0,4,3); B(1,6,1); ©(-1,5,3)
. 3.
(a) A(1,2,4);. B(7,-7,22); c(-1,5,-2)
5.  'In Exercises 17-6b you showed that if.the vertices of the figure
ABCD are A(3,2,5); B(1,1,1), C(4,0,3), apd D(6,1,7),
then the opposite”-sides are congruentl ‘Now decid@ whether

A, B, c, D are coplanar by finding the midpoints of the diasonals . v
AC and ED.. Bxplain how this helps you to decide. .

13 . v - -
L d - . .
’ L
Y . ) ‘ . s S
17-7. Algebraic Description of Subsets of Space - .
o . M
The use of an ordered triple to describe—a point by steting its '
position with regpect to three coordinate planes can literally add a new
dimension to our thinking. For example, consider the set of points for’
which the sentence "x - 1" 1is true. Before we can describe the points, |
v we must-determine the larger set ‘from which* our set of points 1s to be
' 'selected As it a line? .or g plane? or all of the points in,space?
Exercises 17-Ta ; : ¢ .
S . . : “ <
-(Class Discussion) :
' l. bescribe,theseﬂtwo sets of points:
— oe nese : I p
a . (a) (x : x =Al] . .f}h . S )
co () ((Ky) s x=1) L ' ' S e
: . ‘ o BN ) . . ’ c“ :
- Consider this set:v ST U H : o R
'.';.. B} ‘)/j : . R '
) Wy tx=1e B T - R
(a) - Here we are‘lPoking for all. Qf the points in space for which thé
. . "7 first coordinate is 2. : - ' '
. ) 50 LG,
2 . 54
¢ T o T
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. . P » . N ) . . - o, ) v .
| ~ (b). The points we want will all lie in the same __? . <.

() The plane c0ntaining the points is parallel to the 7

A .
o
"k
.
(v)
A

ERIC
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‘coordinate plane, as represented ‘by.. plane P . in the ‘sketch.

: Z 5 . " ' .a *‘
i L
~ 1 § .a’-- ’
~ . ! -
§
I
| . -
L, g0
SO o )
[ v - ' l .
' . s
* - e’ po—
: 4 ,’. O b
(1 o,og-f . . :
iy Ed -~
6 '
q +
. from the origin is 3 inches, we can. describe the set by the
. notation’ {-3,3}, or by Ax Lx] or by
. (x 2 xe"é. ? .}. ‘ g o .
The graph of this set consists of " _2 point(s7‘ . 1 .
If we mean the set of points in the coordinate plane whose
distance from the origin is 3, we recall the distance "
formula /r(f j xl)-‘+ . ?’ . Sigce one point is the”origin,
“We can write N f&§§ o ‘
; 8=/ 2 4 yP
or .l.’. ' - . . Bl . .
W . .' "d2 = ? 4 7.

For the.set‘of points: for which the ‘distance :is 3:'we could write

((x,y) : ¥+ 2 = 2} S
’;‘ o5 N L - - ——— ° L . o ‘ - <ol
o : ‘
K] . 51 M .
. 08
.




s . A T e
R Ct Ty o ‘ . : .
o “I Thg gmph of' tpﬂ.s set is ascircle with ra;c‘iius S S and center
) R 3 -at the ?/ P - '” o
#" S ('3) Ifge udan theuset of p&ints in E ce 3, inches from the origin -

e AWe write‘i ,ﬁ'" . & g ® - : : .
P R U R =y

T oo e 1 1 9

&, The grapb@f this set is &_a'
. S i - L
P Co center et the qigin, SR v
' 2 ’ e Sgt ’_ 2 * Y
b, Describe each of the follow:mg sets e.s definitely as possible.
T 4 e " .

/ ' ( {(x,y)‘x +ya" LL]
'.'I’he set consists of Ch
.- &ll points in the .
coordinate __ 7 - L . .
whose distance Irom' '
- the origin is S
The graph of the set
isa __ 2 __ with
. o 'cer;rter_._'..'at the 2 -
. as shown in the
-sketch. . v ’_

L}

K3 -3

LY

, with radiug _ 2" and -

(b)  A(xny,2) :.ux?‘+ v
;0 ’ . The set consists
. .:'of all point's'in7
_?_ ‘whose v
: . distance from B
% 7. - the-z-axis .1is .
' 22 . The w
P " graph s a
“ o ~'cylindrical sur-
| ' - l"‘t“ace perpendicular .
L ’,«\. to the - ' -plane
- ' whose 1ntersec.tion
witn thé_‘ti plane is’
RS ., : - . e sf _l_ of;kragms b
‘ ¥ as shown in the
R o sketch. - .
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() {Sc,y,Z)':- x2‘ _-F'yz + 28 L3
The set consists of
all points.in ?

' whose distance from

) the _ 2 is 2.
The graph is a
2 of radius_
1 " with center
at the _ 2 .

Exe rcis'es ];7-.7b

~ w ot +

Describe each of* the 'f:;allowing sets as définitely as IIJOSSible;r.;h“-a‘.’

. graphs as directed. - |
1. (a) xrx=3) |

I RN CRS IR B )

. () (Gey) : d e y=3) | : o

. (a) (9,2) s x n3)

(8)" ((,y,2) 1 x +y = 3) L o

(e) {(x,5,2) s x +y % =" 3) G

L3 i(a) widb a2y o : ..
. (‘C) {'(}Z,'_y?:-) . x? _ 2] | | L ;
o ‘ . V) :: .
N : 53 -
. o k 0"‘ :??‘l‘ a‘% “
> 2 o o
: .
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S(a) (x,y) : k2 4y

Describe each and draw. the graph.

2_ 1y

13
L 2 2 '
(b) [(x,y,zl) cx *ty = l}'
()  {(x,y,2) PRNCIN y2 + 22 - 1}
Describé each and draw. the gra.ph.‘

N

(a) (x ?'-x > 5} ) K

(6) ((x,y), ¢ % >5)
(e) - ((x,y,2) & % >5)

Describe each and draw the graph for (a) and for (b).

(a) {x : -1 <x < 3k

) ey) s l<x<3 and L<y€2)

() U(x,y,2) v-1< x<3 and -1<y<2 and -3‘_5 z-.‘g'e]. :

- 'i‘heg‘g_"_raph for-(c) is:

:
O <

\ z
T (3,-1,2)
, o }/
" (3,-1,-3)
5

&~
o
1
~ .
-
. —
'
.
L2
o
o
-
n
K .
. \
i
f
.
o
. o
bl
v

S e



17-8. Summagx' > ' . ‘ : ‘ .

Section g{

: The slope of a- nonvertical line is the value of m in the

equation of the: line, written in the- form Y = mx + b,

The slope of any horizontal line is O._

’ The.equation of a vertical line cannot be written in the form
Y = mx + b, No's lope is assigned to a vertical line.

If two points on a nonvertical line are known, the number uhich

'is the slope of the line is given by the fnaction
Sslope-

Y, - Lo ~ difference of ordinates

. o ‘ difference of abscissas

If. P (xl,yl) and P (xg,yg)v are two points on & nonvertical
line,- then the slope m of .5 is given by the formula :

172
Yo - ¥

- m:x_x .
2 1

If m < O the line slopes downward from left to right if .
m=0. the line is horizontal if m > 0, the,line rises from left
to right . ‘ ‘

' ' If the slope of a line and’ a single point on the line. are known
the line can. be located very. quickly. If the slope 1is positive, wore
points are located by mov1ng "to the right and up"; for 'a negative

slope, move "to .the right and down".

-The point where the line intersects the Y-axis is called the
‘xfintersection of the llne the value of 'Y at this point is called

the I intercept

. The form y mx + b is called ‘the slope- intercept form of a

Sy linear equation because the number m is the sl p of the line and -

"the number b is its Y- inte¥ pt.
_ Section lZ—2

-An equation‘of a.line can be written, given the slope m ‘and the )

coordinates  (x,y;) of a point, as follows: -
(1) Substitute u, X5 and |y . in the form y = mx + b, ‘then

N
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(2) solve the resulting equation for b, then
(3) substitute mw and b 'm‘-y' e + b

If two points are known, the slope. can be computed from the
coordinates of the points, then. an equation can be written as described

above.

~ An alternate way of writing an equation of the line through
P(x ,yl) with slope m 1is

‘ y - yl = m(x - X l)‘

,.Section 17-3.
Ny - - The following theorems are stated and proved -
Theorem Z . The graph.of any equation of the form y = mx + b

';J R C : is a straight line. - T

,;:_ . .-" i

-

Theorem Z 2. Two.nonvertical lines are parallel if and only if
they have the same slope.

Theorem Z 3 TWO nohvértical lines are perpendicular if and
. ,' only 1f the producﬁ of. theiT slopes is -1.

Section Z-k

A Shlft of either or both of the coordinate axes such that the

- '

X-axis remains horlzontal and. the Y-axis - remalns-vertlcal is called
a translation of the axes. . ' -'

A property is said to be 1nvariant under a translatlon if the

property is the same after the translation as it was before.
. InVariant properties'under translation of axes include
" (1) ‘aistance betueen two points, | j _ : o
~ (2) slope of line, ‘ .
-(3) parallelism'of lines,
. (L) perpendicularity of lines. S

- . Coordinate proofs of many geometrlc facts are posslble, based
_on the Distance Formula, the Midpoint Formula, and the three theorems
listed in’ Section 17- 3

O
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(1)

(@)

ordered triple of numbers.
. °
The three coordinate axes, .
'_mutually pemendicular planes. .
Section 'Z- . " ~ ' . i
space, then ‘.',l L ‘ Lo
S e, K
. . 7 3 ' ‘-I
(l) “thé, eng‘E “of “BiBy s
. » ,
e e B ”". e vt :
e v(e). Ht_ne midpodiite .of. P,E, . 1‘;, ‘. .
w | . . ..j: ‘, ‘ . - RN
Section _j;z_. o 5
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Chapter‘lB

PROBLEM ANALYSIS

- 18-1. Some "Mysterious Mathematical Powers" v EE ‘ {

)

"How do people make discoveries? 1Is there some mysterious prfcess that

‘leads them to the solution of problems in mathematics,

"~ design, conservation of natural resources, and the like? As you may . know,

there are no simple answers to theaabove questions. However there are some

approaches to problemvanalysis which can be helpful in organizing your

thinking, and which are easy. to learn.

situations in order to 1llustrate and develop some strategles that can be used

solutions for all of these proHlems.;‘”

Some of the following situations may be surprising to you.

illustrate the power that one can have when he knows. how to translate verhal-;

~ to help solve problems but we, w1ll not be overly cbncerned with the complete

t
‘.,:j a

statements into symbolic statements. The teohniques introduced here. will be

‘ useful in the analysis of wany: dlfferent kinds .of problems. If you learn how
- to analyze these situations, then you should be able to write d1rectlons which
will "force"

‘someone to. reveal to«you such things as his age, how much change

he has in his pocket his address, and the, like.' For ‘example, using the

following instructions, you can "force' h1m to get a partlcular number for an

answer. Try it out ‘for yourself.

(1)

(2)

(3)

)

(5)

ning number'

Subtract six from the product.,

Choose any number, other.than iero,

Add three to the numir. v

Multiply the sum by two. o o, . ’

Divide fhis difference by the original number.

Everybody's‘answer will be 2, regardless‘of his choice of the begin—i

Why is this true? Let us see if. we can analyie-the‘situation,

nuclear fission, rocket

We will disduss many different problem

We hope ' to™

S.
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-, : ~+ Exercises 18-1a .. . o

SRR (Class Discussion) I

. “ e . . &) . )
1. .' Suppose that Wwe let) N represent a number, N ¥ q.

fae . (a) Describe the output of the function f : N->N + 3.  ° K
s s e . i e S .
(g) Describe the output of the Tunction .g : N ->2(N +3),

s (e) Describe the output of the function h N2+ 3) -
(a) ‘Describe the output of the functlon j: N 2l +ﬁ '-.6.

e (e)i'Simplify the expression ‘Which is the. output of the function J.

- . . . A
[ . Ao b !

(f) “If: N is a'number.and N # 0, then what number will the’ -wn,'};/
«~expression in the output of J- always represent’ Do you,sce
s ' - why theé trick works’ o i T

2. Follow these instructions:

(1) Multiply your .age, in years, by fourr~ . S . ." 'ph
(QJR;Add'ten to-the product of your age and four. PSR j
(3) Multiply this sum by'twéntyjfive.

i:th)' Subtract the number of days_in-a year, (365),_from the ’

prodyct.

(5) 'Add the amount af change in. your pocket (1ess than $l OO
' to this difference.- S : o

SE (6) 'Add 115 to this sum. o L I

" The’ two diglts on the right Wlll rep&esent the amount of change and
.the, remalnlng dlgltS on the left’ will represent your age.- If you -

transléte the above’ instructlons as in Exerclse 1, th1s translatlon
will’ help you understand why this puzzle always works Let A

' represent an age in years and C an amount of change less than - o
~$1.00- ' S e S o

wh

. (a) Write 'a serids of functions,‘like those in Exércise l whose

-outputs can be described by the inotructlons listed above.

s

(b) .Simpllfy the expre551on in the output’ of the laat functlon.

(c) Did yéu get 1004 + C when you simplified the expresslon in the

' output of the last function? )
s '

6

ERIC

Aruitoxt provided by Eic:



(d) Why is the ones digit of A in the hundreds place of the final,-
' answer?\'Why is 'C. in the'ones;plaCe or-the ones and tens:places

of the final answer?

(e)L'If C ‘was a dollar or more, ghen what - effect would this have -on

the hundreds place of" the final &nswer?

. A\

.In;Exerciser'above, if you-ask_someone for his answer beforeladding
115 , and then do this addition'mentally, it will appear that you have
"mystical" powers. Actuelly your pouers will have a mathematical foundation,
but this way not be apparent to: your- audience. However, we hopelthatvyOu see
how the process of "translation helps youw to" understand the situation, and
to see why the number "trick" works. Translation tethnigues are of cons1der—
.able importance in the understanding and the organization of many problems,

- \-,’

..and we hall usé them as a basic problem analysis strategy.

2

I Exerclses 18-lb -

1. '4 Show, u51ng translation techniques that by follow1ng the instructions
‘ below you can cast a "spell" upon a person. ' .No matter what number he
ChOOUeu’ the "result-of follow1ng the instructions carefully; Wlll
always be the."lucky" number T.

(1) Choose a number. - ‘ . : o,
P (é)l Addhthree to the number. .

(3) Multiply this sum‘by'two.

w~

(L) - Add. eight to this product

l(S)'FSubtract tWice the original’ numbér from this sum. -

(6) Divide this difference by 2. ¢

.2.  Cast a "Halloween' spell on a friend by writing a set of four or more
: 1nstructions which will. always result in the - unlucky" number l3 as
the final @nswer. Use translation techniques to’ show that ‘your

in°tructions will always work no, matter what'number he'chooses

3. It "represents the number of the birthday month (1 for Januany,
‘ ' 2 for Egbruany, etc ),«and D represents the number of the day of '

‘the month then show that the follOWing instructions will enable you

& o v 0
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to determine a person's birthday. ;:--f | :‘ . -
- (1) Add T to the _ntmber of, the birthday month. e
(2)  Multiply this sum by 2o o .:'
(3). vSubtract‘ 40 from this product. '
(&) Multiply this difference by‘\ 5,

(5) Add ‘the day of the birthday month to this product

_ Mentally subtract 500 from. the last sum. The last ’cwo digits on %.e’
. right will represent the day of thé mOnth and the digit or digits oﬁ
the left of the nufheral w;ll represent the number of the month

[ 4

.o o Pick any.three consecutive numbers. Add them _together. Divide that ot
L sum by three. Subtract one from this quotient.. Show that the result

) will always be-. the first of the three consecutive numbers chosen.
: . e L
. 5. Show why the following number "trick" always *ﬂ&rks Write down your

house number. (Omit any fractions.) Miltiply it by four. .Add
twelve to- this prodict.; Multiply this sum by twenty-five. Add'your
age to this product. Subtract 365, the number of days in a year.
‘Add 65. ~ The tens and’ units digit - of«your answer will give you your"
age, and the'other digits will represent your house number.

. -

- e L e :
- - K . T >
Lo, . L : ,v‘ .

18-2. Translation of fhrases .- N _ '.. T,

Problems can océur in manyadifferent forms and'they arevnot usually
Well understood at f1rst.‘ In fact, one significant activity in problem
analysis is the process of determ;ning what impbrtant questions are really
%? involVed in the problem si\uatiOn.' Howe er, a major step toward the analysis,
" and eventual solution, of many problems 5 the translatiOn of the problem :

into 8 c0nvenient form which will permit some manner of organized analys1s.

v:'b Many of the first phrases that you\will be asked to translate will be

quite simple.. Kowever, we will use the translatiOn of. these simplE~phrases
to 11lustrate the skills that are helpful in the translation of complex.

sentences. I R “‘j;. .\; - : .\
B ' Some of the things that are useful to do when translating a phnase are:

(l) to identify each varlable as representing an unspecified number

L 62

ez

O
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S - . . - . R I3 T °

(2) to state,‘as completely as possible, what each variable representsb

(e 8., X . represents the number of dollars in the cost_of a
'bicycle), ) ' ' ' b

S T

(3) to identify any basic operations that are suggested in the

~ -

phrase, and o _ : :‘,\‘ I

(4) to identify all functions in the phrase and clearly describe
' -the outputs of these functions.

. )

In the following exercises you are asked to “translate. from mathemati-

cal phrases to English phrases and from English phrases to mathematical .

: phrases. We -hope that this Process will enabie you to see the frequent need

for a detailed step-by step analysis of. problem situations.

’ '
14

"5. Exercises l8-2a

(Class Discussion) .
1. Given the functipn £ (R W) —)R - ﬂ W. Translate the expression
‘which is the output into an English phraSe by completing the following
steps:
(a) In the output of function f, ‘we will assume that 'R and W
" are names for 2 joo ' T
ST (people, numbers ) ;"

(b) The phrase % W represents the' 2 - of the numbers~ %
and W. s ' L '
(c) The;phrase R - Ly répresents the - 7 " of the
_ PATA resents

S SR . (sum, difference)

-two numbers® R. and % W. : .

(a) Usually we find that variables represent numbers with more o
medning attached to ‘them. If R represents a number of right”
answers a student got on a test then can you describe W ‘more

completely” If possible, do so.

(e) Write an English translation of the phrase which is the output
- of the function- f (R ‘W) »R - ﬂ W where R represents a'
number of correct answers a student got on a Multiple choice
test and W represents the number of wrong answers. he got on .f

the same test

T
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e 2 i?ind a function‘whOSe output is described by the following English
. phrase: Gy .
- "For a typical: student the total daily intake; in grams, of

4.

: vitamin ‘A and vitamin B;, if the vitamin B; 1ntake is thrée
: times the vitamin A intake.a : :

a

. . ! . Q . .
oL (d ) If X represents a number of - grams of. vitamin A consumed by a v
’ T typical student then the output of the function’ o 0
- .
| . ‘Qg Kﬁ% gf;~' : .‘fwa
S L e o '
can be described as ; '?,'v“.i, ER . T -,
(b) The word "total" hefe indicates’the operation of addition.' Q‘T :;

Therefore a function wh0se output could “serve as a mathematical

'i model oI the Engllsh phrase stated for ‘this pToblem is: . oo

~

K-—>K R T

J.'In the following, the word "translation is used in the loose sense,
meaning that each.of the symbols for the operations of addition,'
subtraction, multiplication, and div1sion, may lead to.a variety of
commonly used English phrases. For zach example write two additional

phrases that mlght lead to the indicated operation.

(a) The sym‘rpl u_,_u
.',1, . 4translated the sum of" lJT._f : f:z_b e

.;in a phrase like "a + 1", is sometimes

'(b)::The symbol ";Q; in a phrase llke "a;-an; is sometihes

translated decreased by .j;._,.

'(q)vahe Syﬁbol . ", in a phrase like Ma .+ b", is sometimes
' ‘translated ' the product of" S o o .
:\‘\\5." / {d@) The symbol "4;?73ﬂ in-a phrase like "—%—",' is ‘sometimes
= ’ translated "the- quotient of" S o e
v« o i i, - .:,',_ﬁ\v: : : v k
' We are asking you to translate phrases in twogdirections.v’we 1ntend
this to be a first step toward the precise translatioh necessary, Ty g
(1) to construct a good mathematical model of a problem situation and
2 K
N . m e v‘.i" .
", : (2) to interpzet verbally your qonclusions from'that model...
¢ . : . Tl . h o . N ) 0‘ : :g - - . .'v
* ’ 8 . ‘ R
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e . T D : Exercises 18-2b r N . e
Cl : \' ‘ B ¢ N " 3 .
] Write an English phrase which deSCI‘lbeS the outputs mentioned in the =
,_f‘unctions below. State clearly what each variable - repre'sents in x
ftranslation. (Exercises,l thri%ugh 2.y . '
1. £t 60t T 3 f,:.(d,:r)—)%,r7403 S
2.. T :"(L W) soL 42w . 8. s .- (2) (3 1&16) T . wle
3. £ do(3akya - . - 9. £ L8,w) —»zw +zw - spo
C b _-f:(b,h)—)%bh ..+ 10, _f:(abc)—)a+b+c R
5. f 15 >os T & SO (x,y) —)-x- - 2y - _ L
6. . T :,(p,r t) .—ip'~r £ '12.:"-fv_: -m/—)m- 5 S I
" In each of the exercises determine ‘a function whose output could b@, N A
described by the given English phrase.f Ident:ify cle&rly vfhat the given s A ‘g
variable or variables represent.‘ Choose .a vamable if yone' ‘is given an% 'L ‘
use only one variable unless’ directed to do otherwise. (Exerclses 13 through
18) ;'_ . . R B o ._ o 4-‘, oo LY
Lo ) e - - . 3 - o
-"‘13.- mh‘_number of dollars earned in t hours at three dol*laraagn hour. L N
[ A « 0 & . ) P
’+.,9 The number of yards in. 't fevet.v :
15. ‘The average of ‘three test® scores 'x, Y, and z. .
16, _The sum of two consecutive integers. I I
: g : ‘ I S
~’l’(.4.‘I‘he product of two" consecutive even integers o ' . R
18.- Fifteen inches ‘more’ than twice the number of- inches in the length of a- Jﬁ _
¢’ - rectangle. AT o .D’é' T , LN
‘. ° . ’ - h o ‘.' » \, h ' v ' v
v L8‘3 Translation of Sentences I. e T ' '4 Tt . _ °, '

_ ‘:You have f‘ound solution sets of sentences formed by combinlng S e 2
mthematical phrases such as. "3n + ',L" ’ "2" - Mpg o ",'-43 etc., with. K
"ﬁnathematical verb forms 1like ) >" ‘ I<" . We'find that many" times ’w; , |

& one. o,r two mathétnatical sertences’ can serve as a nodel of’ & problém. situation ¥
o which takes several English statement.o to describe., S P \ , i
‘ Con.,ider the following sentence Lo e e e "
° - : - e TN S 4 .
g 35x +°<7o)<uo) =50(x #-40). s _
. " N ) . S B
) - A R .
: i 65 ’ ‘ v ) ¢
L ] Y Co . : P °. 4-
, ‘ ee 1A . .'.5. R 4 . 68 K ¥
. [ B N -t n . ) 12
: - 'S : - i .
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A

the endinga

functions.
R ¢

Inpthe above
It 1s' usually no¥

- 0»"

T

’T;anslating this sentence into Engb%sh is/ﬁike writing a stozy when .you know
Let's see if we can work backward and write a problempwhich 150 e
il an English translation of the sentence., - -

e'l'- A .' ﬂ.
‘ S ; ; s
. le to 1 entify se%eral different

describe tne

hce it is pos

tputs of these functionsi,fv

4':’.
. i . .
R ¥ ¥

f'x—>35x h?x—»x+b,o
LB X —»35x * 7o)(l+o) i Q%—»to(x #10) S AT
The first thing we need to do fn order to interpret the output of. anya
‘of these functions is to agree upon what the variable X represents. uet*
. agree to the following statement as one interpretation of the variable K . .
' . W BT T S T
Q&i . " x ‘represents a number of ounces of gold in a compound "; R 4
e (It fs only fair to point otgt: that ;ge nay have,to revise o
' “and clarify this statement as e become more 1nwolved in’ ' o
. f . ] B i
SRS _the. problem.)‘_- R L e o
N\ We also need bte ggree upon what the numbers 35, 70, ko, and 50
) represent. Suppose “that: _f‘ e . ) - ¥ .3‘
. N . - REEETI - I ; . g : ' e s ’ ‘*’
- 35 represenzs the cost .in dollars, of one ounce of gold
: o . : ®, ' -
: A Lo 'represents the number of aunces of platinum in the compoundioh
o . . . - L wl “ ¥ g
T . -TOC represents the ‘cost _in-dollars, of one ounce o6f platinum, and
3 e 50\1represents the cost in-dollars, of one ounce of the mixturé , «
“of gold and platinym. - S ) _ T -
: : C N - ' L i '.'A - ":._“:.&t-‘«'. ' .';.
\ C o AExercis'es 18' : 'A l—‘f o B .- P
" 'Q_\ v, . . " . . "A'. ".‘
TR (Class Dlscussion) B o PEEEE
y l‘;A’ Interpret ‘the output of the function £ X = 35%. ,
2. What is the interp-retation of (70)(k0)? ‘ _ _ €
3., Interpret the- output of the function g;: x —*35x'+ 700 MO) ‘ . Ahu .
S . o~ S b
by Interpret the output of the functlon h: x -=x +'ﬁd o u"ﬁﬁia .
T B a- LA “a ﬁ . - L - )
5. Interpret the output of. the function Jorx —»50 (x +%0) “
(; 6. Is the following a possible translation of theﬁisnteﬂce° ﬁé A Ce
T The plating of a secret satellite must be | "mixturé of pure :
. _} o " platinum and gold.‘ Exactly forty ounces of pure platinum ‘ =
' o must be used in order for the satellite to perform correctly .
‘© : L - - ~ _ ) .
. U 66 - . .- - ol :
‘.‘-r N ; ' : ’ .‘. : ks ) - -‘ «
2 K 6y. ~ -

O
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B S S TSN S
'Iﬁ’ Co v S - . ﬁw‘ . - o R . -
' *‘ ' o, Pure platinum costs 70 "dollars an’ ounce, a%ﬂld costs 35

' "-_.» dollars an Q‘,}nce. The‘ﬁ%ost ?&f t%m%xture of‘ platinum and gold -
. Bt &

& st ‘bé 550 dollars-tﬁn qmce. How many ounce$*of:'gold must be
T used ‘in order to make a compounc%hich costs %dollars an

e » o
L e d L .
S ounce” ‘ : e ) A S Comt :

.o . "0 R . - . . . "

W o« : FE : B

7. Now try writlng a i;ranslation of your om whet' e agree ‘that x "‘_\'

: represents & numbe#® of pounds of lemon dropi i‘p a candy store mlxture ..

» e of lemon dreps &nd caramels. : SR i . -

a ” . .
‘ . - . i
__ ~Ih the fgllow:.ng eqfcercises you{ wﬂL&tﬁﬂ‘that givn_ng a clear ‘descrip—'
tion of"- the output of each andicated;;,f‘unction wéll help, yo’a organize the : ‘9_
-English tr‘gmgation 0! the given,,&athemticg.l sentence. In order. to create ‘
‘a translatiohn whose parts f‘it together n & reas?)nable way ' is usually ‘
necef,saf'y to dej,cribe comple+ely :i.i of the vewmb‘les and numbers 1ndwated
in the senterice. In descr1bing the -outputs. of the - lndicated functlonal
rel&t‘ionships you will identify theuvarious indica% operations, and - ad .. S e«
1nterpret the ef‘fect of those operationé on the nwnbers{.“‘ﬁnd ~variables in--
.v,olved. %be sure, many O?‘L the’ ste;psésdescrlbed above ard eyentuall\?done‘; ' ]
: mentally or.are chbmbined” 1nto a s1ngt'l“e stepz but- at. th1s po:;,g‘t we feel that C

LA RN

) yog wi*1 gain some’ helpf‘ul skills and understamdings bsghnvestlgatlr;%g this
g d

tmn.;lat;a.o@érocess in detail o '5:;,. o E ® R

" Example. _l' Givcn the santence 20+ TS%'Q( 21& a trans&tlon could be made.
= el Tas f‘oll’ows R SO - ‘%@ ""7
- T B T LR
Let ) 20 répresent. the number of t1me&per mﬁhute that a, man ’ﬁw
*_h S 'h’_ " breathes at sea leveL, X D E;.x._, - 3 ! A,
e . i w
and y represent &,mlﬁii‘er d(‘* feet - a’ man is “%bove sea-level, el KR

and”’ l,)OO represent the number -of feet ofyincrease in~ altitudeb

il

LG that correSpondsvto an 1ncrease of one br tl‘ﬁ"‘ﬁer mlnute.a o

oo

I - -_1 "

Indicated Functlonal Relationshlps Descrlptlons of gutputs C
_ ‘ & S PR <‘f . R
T $, ’ £y ->-i—5yo—\' : N ’ the numberof}extra breath‘vs )
. . AL . . ] bt . Wy
) » v _ o . per minute a man will take L ‘\sn._
. ! e at an altitunde of &2 feth .
' S " above sea level. : S

B S W
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C o . oW s R E .
. . g 1y —*20 + —i—= “the total number of breaths -
A, 1500 . | i - |
s ' per minute a man will.take
- o . -
‘ ,_-.y “&t an altitude of vy feet.”
el " .
T hory-ad  "thertotal number of byeaths
o ® ‘ ‘ ' per minute & man will take
> AL : o © . .at'an aftitude of y feet." o
* _ Note_that the outputs of function g “and function h must be described
‘& in W the' same way since the. sentence, 20 +: l‘j—LOO 2k, states that the
outputs of functiOns g and -h are equal. . . .
) . - “p N
e K transﬂatiOn can now’be wrltten. o v -
- A_‘. . . e v ) .—’ - )
. "If a man‘breathes- 20 times per minute at sea level ard - <
_ if he takes one extra ‘breath per minute for each increase
_ L, of 1500 feet in altitude, then how’ high above sea™level
" . will he ve if,he breathes 24 times 'a minute?"
ot & ¥ - - -
v Exercises l8-3b L e
3 P . £
 Write English translations in' problem form, for the following sentences.
State clearly your choice as. to what each variable represents. Tﬁen state '
what each part of the sentence represents,-and 1nterpret,the output of each i
' ungtion involved. Be sure that your translatIon makes sense!. Be creatlve, R
) 3se‘ our imagination? i o s e
: e o L W e - e
S I TR B . ’l . l l . R ~
STk ol = 12w - - s . . - _
i 2T ¥ e 307507 % T
2.% hoioe s 2(3b) e Gk (x 1)+ (x * 2)
: ¥ : P mde s O ST . .. ) ’
.00 52 - HW® . yl=s S
Hioho Bh=ateoses oAl a8 M S (A
. . : T 1 T8, Q o 3 4 -
v o R a7 ; ¢ . o L
: - w N ’ SR o
e B ® . y EREE - o :
k»‘ . e e »& ; . . " - .
In, many situations; We also want. .to translate English séntences 1nto

T_ done to tr@nslate from English sentences to math@matical sentences as was

mathematical sentences. We find that essentially the same things must be

-

-.done in the translation ‘of mathematical septencbs to Engllsh sentences.

:-It§Slmeﬁu ‘ . S e .
~ (l) to stame clearly and completely what the variable or
’ B . .
& 'h-‘< . variables represent . : ‘ U ot o
» . - LI . . o Co] » . .
)( " - v . 2
. < B3 .
’ G‘ '&68 ‘ ! . " . -
. . ] .
- . ¥ - T N
fon ] A
» P 31 :
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by
-~

(2) to represent carefully .the output of each of the functiOns
involved in- the problem situation, and to interpret each N
output. (Note -that this involves recognizing the basic

. operations implied in the problem statement ), o

(3)] to identify mathematical verd forms that are implied in the.

‘problem statement' and
(h to be ‘sure that your translatiqn makes sense.

The following examples illustrate the process of translating English

sentences to mathematical sentences. Read through each of the steps care-

fully.

Example 23 "The distance an object falls during the first second is 32
Zxample 2 ng

: in describing the role of the number "Lgr in thg

iy

ERIC
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" feet less/jhanlthe distance it falls during the second second,
' During’ the two seconds it falls 48 feet or less, depending
on the air resistance. How far does it fall during P.he second

~second? - S - g

(l)» d represents a number of feet an object falls during the

second second
[}

(2) £ :4d >d - 32 is a function the output of which represents a

distancé an object falls during the first second.

(3)‘ g :d-(d- 32) +d is a function the output of which represents

a total distance an object falls during two seconds. =

(4) 48 represents the waximum number of feet an object

two sec0nds

(5) The phrase "48  feet or 1ess implies the verb form " <",

N

(6) lI’he mathematlcal sent?ence could be:

(d - 32)+dx< 48,

P

i

Check Your Reading

What part of-the written problem—leads to the functlon 1;____;i(i - 32?
_ What part of ‘the written problem leads to the function - NP
g d - (d- 32) + d? . : e RTINS

. ! . -
, .
What part of the written problem stpports the dse o ’?he;tord»"maximum"
blem? » = .
. o act” R
69 . ‘ - : . -‘\_ Ao



. . 8
.k, ' Io there any restrlction on the replacement set of the Nariable that

is. caused by physical restrlctlons in the problem 51tuation?

3 ;_.'

Ll .
Sometimes one of the most difficult parts of the translatlon proceég
is dlscovering the functlonal relationships that are involved in the problem.

The following: 1s one approach that may help you in this task.

ample }. "In a _gasoline economy test .one drlver, startlng with,the 11r3¢
’ ' ..grouprof'cars, drove fqr. 5 hours at a certain speed and was
then, 120 wmiles from the finish line. :Another_driver, who set o
oum'%ater ‘from the same place with 8 second group, had traveled -

at ‘the same rate as the first drlver for -3 hourg and was 250f

. . ﬁlles from the same finlSh llne. How fast were these two men
« . . At: .
: d:lVlng7"' ‘ g s

Let r represent a speed,of;a car, measured in miles per hour.
e " . If you choose & speciggc input value for. r; say 50, 'th%s will
' sometimes help you see some of the functional relationshlps 1nvolved in the-

problem situation. The resulting arithmetic phﬁéses, the descrlptlon of

those phraseo, and the implied functlonal relatlonshlos are listed below.

" Arithmetic Phrase ; Descrlptloﬁ'of Phrase - _Functlon .
. . ) N ‘Q‘ T R . ’ - kel
(5)(50) - The’ distance a car goes in j f.: r—5r.

K five hours at 50 mlles

~

@ . . - per hcmr. ) : '. .,‘.@_."w'

;ﬁ'

(3)(50% ; The distance a car goes in g : r —>3r :
T [ N . o
‘ three hours at 50 miles » e
, o - Y
e per hour. »4_ o A
) . . . : “ S
k (5)(50) + 120, - 120 miles more than.the h :.r=5r f 120,
- C distance a ca¥, goes in - . f L ‘; -
oo o e . T : - . w
X . B " 5 hours at 50" wph. i -
_’(3)()0) +250 250 ‘miles more than the - X 't -3 #250°
Y o B . diétance.é_cér gees in . - o Q
. 3 hours at 'SC mph. - &
[ e
o The outputo of ’Bnctlonu b hand k can be defcvlbed as "the total
diétance trom the 1ng llnc to the flnlsh llne . T%e vnthemﬁtlcal verb
D
‘ 70

.(_>

O
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~form 1mplied here is eq_uality "=".  Therefore we can yrité the following
" mathematical sentence: o : T \
' 5r + 1‘20 - 31,__*'_ 25“0. . .'\._._ . 1\ R
) Exercises 18-3c ‘ . .
‘ (Ciass. Discussion) - 7h e el
Consider the following problem' oo o B

Two cars start from the same p01nt at the same timerand

travel in the same direction at constant epeeds of 31+

and h5 miles per hour, respectively. In how mamy hours IR
will they be 35 miles- apart?” L

.‘

a"' f‘l .:_:
Usua.lly we let the variahle represent a number that we are trylng to
find in the problem. If we do this in the above problem,: thén: e can pro-._:-l

ceed as ‘f‘ollows-' o

. l ‘ Lft the variable h represent .? ' i. .'

2, The 'numbers‘ 31+ ~and 15 can sp'ecifl.cally. represent L
3. . The outp_ub of the fuhction, £ :‘h - 45h  can. be 1nterpreted a‘_‘ -

T, The output of the fubction g :‘b‘{‘—; 3hb can be. 1r1terpreted' as B . «.
5. The output o?"t:he-l f‘une‘t.:_iojn‘f: k' h = k5h - 31+h can ‘be, 1r1terpretted g ‘0

as ? . :_ _. ;‘. . - «), C

6. ‘ ) 'l’he rlumber ‘35 wlll represent - ‘? o < _r, ,.:
7.

‘.
.

’ Tr:mslate the Lol o;vtlng .1r1to

e(ntermes

s e‘m@” pd
\' You do not haVe e fmd the s tlon
ii’ TR

f o ;‘\- k
sets at thls time, ate clearly '&hai eac { resentsf ahd‘ ‘ée Asmre

'ﬂz‘an Co Ve _’; B - Ll

" which could help solve. the problem

N

T *
L
. i K #
Lo ~ . o
; % .
[ ..
P ot
) “ L g
\ & AU .
. [} ." . e
1
o, N
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a

/tvo numbers"is 3].. WTha.t are the numbers?

232 miles in' Lt " hours’ What 1‘ the avemge SPeed of

than twice ~‘che degree meaSuré of the sr'x\]h’llest angle. The degrée
the third angle is 70.»

sk

'180,.

'I‘he su of the measures'of the. ’

f a: 'triangle is

Ahe: z 5”‘. 4 Quare fee‘b: The‘ IR
length‘ of the lot is ﬁwiée ’t;};le w;dt]i &‘ind?t\the width of” the lo‘t. " S
] Let v represeﬁ'@ the no'ﬂber vof, &f et »\;\Q the w1dth of a lot )

! _-_'.','? "_x-

ng.t{xrn‘

r.
‘»

‘ s, per hOur.'

L (Use two% variab 2

0w ‘Gn.

cu‘bi\ze ggginteg *i«s '{i




11, Horatio Algae built a circular’
swimming pool in his backyard.
The'pool covers an area of

" 1700 . square feet.  What is

_ the diameter of the pool?
(Hint- The area of a circle
in terms of the radius of a

circle, r, is given,by the~

Y

.  formula, A = nre-) ' C ’

v 12, - ;As a boy, Horatio Algae sold papers on a street, corner. " He was paid
o 1 cent for each paper sold during the week and 2 cents for each
paper sold on Sunday. During one week he sold l7OO paperslincluding
Sunday sales. He received 22 dollar;\fer the‘week._ How many papers
did he sell on Sunday’ (Use two variables, write two open sentences )

gae and &8 rocket fuel expert was.
preparing a' new mixture for an exgdeXimental missile. He' found that
' the amount of liquid hydrogen must b
! S rest of the secret ingredients _ The total amount f the fénal -xture
o must ‘e exactly h gallons. How wmuch. liquid hy én must be az

Cs s .

an T . -

13.° Horatio Lox, a cousin of" Horatio

exactly l7 percent of the.

N

In 'many problem:u mHSt deal with the process of bonverting one unit
- of measure to another? ere are some parts of the translation procedure
which eould help you~understand and complete the conversion from one unit to

another.

Example 4: The number of centimeters in one inch is 2 5& . Find the
- T length of a bar of silver, in centimeters, if the ba?\is one

yard long K
L -

(1) 1 represents,a number of inches,in-a:bar of silver,

(2) r ifij—f(2.5h)(i) is a‘function whose output can be described

N as follows: ™the number of centimeters in § 1nches .

(3) Since"there are 36 1nches 1n l yard 36 —*(2 5&)(36) Lo
N . Hence 91.hY is the value of the function for. an 1nput of. 36
' : ' 73 ) |
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Exercises 8-3e o _ S ;
For each of the following conversion problems state a function ‘and

find its.output,to answer the questiom. Cor o B

1. " The number of feet in a mile is 5280, How many miles'does a runner -
' go'ifwhe Tuns ll 320 feet? B ’

»

2. The number of square inches in.a square foot is lﬁh. - How many
square feet are there -in 7 é square inches?
3. The number of minutes_in one hour is 60. A car.is traveling at’
30 miles per hour. - How many miles per minute is the'car-traveling?
k. The number of seconds. in one minute is' 60. A car is traveling at

30 . mph. How many miles per second is the car traveling°

.. 5.« - -The’ number of feet-in one mile is 5280 A car is traveling 30
A miles per hbur. What is the speed of the ‘car in:
- (a) - feet_per hour?’. ., . -

{v) feet per minute?'

v (¢) “feet per second? - C g

A

: N
18-4. Uulng Drawingi or Diagrams

‘Tt shoa}d be made,clearwfo you that there are no uniuersallprocedures
or iormulas for analyZing and solving every problem. There are, however,
,ome~patterns ot thought and some strategies which may help you to analyze

'and solve problems. Each problem situation is usually somewhat individual
. and - it will piobably require imaginative and creative though@ to reach some

satisLactory cgnclusiOns.

You have already. developed some ability to’ translate or to create a
_certain,kind of 'a mathematical model of a given problem Situation.w However,

.‘not all models have to. be in the form of mathematical entences. You could

also use drawings tables of data graphs, or any. mbination of, thesé and -

ﬁother methods which will he‘p organize your anz 6is of the problem.

The 1ollowing examples and exercises are illustrations of problem

7+ situations where a drawing, a‘sketch, or a geometric consciuction ig a -

O
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. particularly helpful way of organi21ng the ana1y51s of a problem. It is

not possible to- give a complete list- of helpful diagrams -because each problem s
.situation will usually demand a unique sketch to help analyze the s1tuation.'

.We will, however, discuss a variety of different diagrams to encourage you to

use a version of this method as z__ develop y__g own problem analys1s o
techniquesia% : R . - 4 -

- ' R . Bxercises. 18-ka

(Class Discusdion) -

1. Look at the follow1ng map contai ng six érocery stores and. nine
‘ _utreets c0nnecting these stores. The Sherlff's patrol wants to find

a route that w1ll enable him to travel over ‘each. street, exactly once,

. as ‘hé checks the security of the stores and their connectlng streets.

The Milk Delivery man 1s interested 1n flndlng a route that Wlll take

h1m to each store exactly once, and he is not particularly 1nterested )

B

‘in drlvlng on each street. oo T . T

C .
k™

(2) "Find a routé.for the Sheriff. (He doesn't mind goirg past the

a

. " - same store .more than once.)

(b) Find a route for. the Milk Delivery'man. (He 1sn’t particularly

‘1nterested 1n travellng over each Street. ) A ' N - .

N - (e) Find a route for the. ‘Sheriffts’ patrol and a route for the
' . Milk Dellvery man on the follOW1ng map. '

D g

fad
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(d) "Find a route for thé Milk Delivery man and a route- for the_
. Sheriff’s patro}. on the following map. ., -

.1
Y e

i

‘A __." o i .-.:?

‘ o -
B S B P
J’ 1 . N
C g T D
* v ¥
"2._ :Letﬂs investigate some maps and some’ possible routes for the Sheriff’s
patrol.: Co o g_.;. g ;
o e

‘;(a) Suppose stores A ‘and | E have three streets connecting them with

S sto;/B,- c, and D, respective.y.

. If“you start at A and travel over each street exactly once, then.

‘ L

fwhere dces the Sheriff end'his patrol?. Could the.Sheriff start at
- C,. or D? Couldhe start at E? o )

"(h)f If a store has an odd number of: streets connecting it -with other
_ lstores, then would you conclude that the Sheriff must start or
e T .end his patrol at that storeﬂ Why or why notV' .

.

(c) If there are more than two stores thét hdve an- odd number" of
'J:;streets connecting them with othef'stores, then can the Sheriff
s _find a8’ patrol rdute? Why or why not? . S~ S ". o

” -~ e

Kd); D{aw another map of ‘the. streets connecting the 51ve stores where o
’ 5 - DO ‘store has ‘an odd nﬁmber of streets connecting it to other '
‘stores.. Is it. possifie to - find a route for the Sheriff's patrol?

e must you endVvl ’ R Ce ERE

f4"If yoﬁ\start at - A~ w . . §
RO : oL L. . Y

e
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3;“ Suppose that the lengths of the sides of bne equilateral tr1angle dre

e N

double the lengths of, the sides of a second equilateral triangle. How'f

R e
P

o
L e

would you. compare the area of the’ larger triangular ré&ion and the area o

_af the smaller triangular region? (Make a guess now before you' start )

%hd_ Construct two equilateral triangles as. described above.

(b Find the midpoints of the sides of the larger triangle and

connect these with oegments.

"y

"5 (c) Now, how would you compare the area -of the two original triaﬂgular

v .o :
. . v 3

regions° How does ‘this compare wlth your guess?‘

.'_(d) Can you justify your conclusion with a proof’u51ng SSS, SAS,
' “or the formula for the area of a triangle° If so, do it.
) a4 , . .

2 ) : ’ . L]

Exercises 18- hb

‘ v . W , : .
‘ ':T . In each of the following problems pre"ent the analysis of the 1nforma- o
‘ tion.in the form of a d1agram, a. sketch, or a constructlon- t is not~neces-
sary ‘to solve the problem unless you wish to do so. However, you should .
f.guess an answer, and indicate how the model you have drawn would help you

analyze the problem situation. _ _" T “,_

5

) l." "‘A school is located five blocks east and’ six blocks north of the home
‘ 'of two brothers. The older brother walks four blocks east and two

blocks north to his girl frlend's house. They walk frqm there one

block east to 'a donut shop,. and then proceed rectl school.

V,gpblack box" for a. secret space project The box was'tp be constructed
j‘of a highly expenslve metal alloy.. The box was to be open at the,top,
»and the faces’ were to be congruent\square regions. Slnce the metal l f

. was‘so expensive, ‘the pattern for each box had to be stamped out in

' one flat piece. * He decided that he needed to know-~

(a)‘ How many. dlfferent ways .can flVe congruent squares be JOlned

edge “to edge? S ' o . o -

a .
s

Gutlip,

-
'S
4

O
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- ’ e . o ' g

e (b) How many of the figures can be folded s0. as to fonﬁ’é,boxlﬁith_

. an open top'? Label the square region)ﬁhlch 1s the bottom with
".he letter B. : _' S T " ;f ' o

(ant- Draw dlagrams representing 5 squares.in.,ajr__ow;-lt&_

o
-

. . . squares in a row, but not 5; 3+ squares-in; a ‘Towj but”

not h etc Yoo R o ' e
3y ": For many’ thoueands of years peopx have enjoyed worklng various klpds
o .. of problems. A good example of this is .a. problem concernlng the © ¢

Konig berg Brldges. : In the early "1700%s - the ,c1ty of Konigsberg,
Lo -" Germany, was connected xby seven brit(ges. Mam people in the c1ty at
' “that ’tlme were 1nterested in. Ilndlrig if 1t were poss1ble to walk . . e

v through the city 50 as to cross’ each brldgé exactly once.

From the dlagraru. shown.ng these brldges, can you ~flgure out ..
whether or not thi° can be done?. "You may ‘be interested 1n k%wlng

C P_ ' t'hat a mathematlclan anuwered th1s question in the year l736 R ,:i' -

Ltn.,:, .A A boy purchased 21& f% of fenclng to make a rectangular-shaped pen '
R
. . f‘or his dog. W’ha“should the dlmenslons of the pen be s0 that the dog
. N 9 N 0
o &;, D wrll have the largest play area'? (Hlnt. Use graph paper to do the
T R . e e :
P tolloizing ) . ! T o :
. a0 \~ R o L : L © T .
B (a) Draw four dlfﬁerent rectangles with a s:Lde of “'en'gth' by 6,, 7, -
jfb';»_:' ' and lO ‘respectlvely and: each-with a perlmeter' of 24, - Be ‘dure
AR to label thé -sides with thelr lengths. ; - SN o N .
pe e ‘(b) Conpare the areas of. these flgures by countxng the squares in’ . 4
i each rectangrular reglon. S . o
» ‘ . - 78 . . N
a . Fe) . .
- . ) - . v i .. e - \
, ‘“ "‘ . 4 -, 8:1
G ' - :

O
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- " A) L P . A : A N Y
P ( ) Does there appear to be one rectangular Tegion with larger. area? v
" ' You should e able to make a gue‘Ss now “whléh you will- bq' able to . ’
! .- v 1 Yoy ot
- prove in. a later chapter.‘,’ P o S ;oo
’ [$ e R ‘ 5 . . - - . . R ’ 'é.
5. I there are 3 roads from town X to town Y and Lt roads *f‘rom i
EE . . ) ) X Y Lt ’ ' -
’ ltown pe p_o__town ‘Z’ in- how many ways may _one dr1Vg from X °to Z 0ty 0
R by way of* ¥? How many ‘*'outes are possible f‘or a round trlp/ f‘rom X = ceel
I to z and return" LT - ‘, , -'i "_7-2 ' TR L
. W e
- lo e the serxes’. | In how many dlfferent ways can thlSr oc‘(-‘ S
S - @ R - ~ " :
N - =and complete the f‘ollow:.ng tree dlagram )" B
v B o ". : s . PRI I
.l t game 2ml game 3~rd game Lth game _'_‘5fh game 6th game 7Tth game’ .
. BT ) XS o U S .
. R lm' . . S
' o o . . e - i .
i . : FEN ' . ’ s = 9‘ .
N ; . - ) I . N 7
e R -
a0 : R . . .
" . co ’ +?
. e . . i .
g ' . ‘.,' . N ‘ 4
! l ; e T S : . b ! . .
[ 5 - - s
Ll . 4. . :- e . ' . o
8.5, Orgaqlzmg Id*”ormatﬂon in ,Tabular Form T EER o
i Many tlmes lml" espec1ally g,xse‘[‘ul to. d.rrange informatlon 1r1 tables. , . - .
g n fact;, chh an ar rangement is verv fg‘iten ;he only ef1 1c1er1.t way of galm.r!g "

- lnslght 1r1to the' analysl of a- problem s1tuatlor1. The followlng problems »

fﬁ’a‘ve hccn Lno en tecause they partlcularly emphaslae thls phase of proble s “ﬁ .
_ aqaly emember that a 1r1gle problem s:.tuat:.on may be ana yZed by ari_:_)ms}.-".‘, ‘ h
E technlquoo. ‘Be prepared to try sevélral, dl.;cardlng some along the way, ‘y - N
. T , N I S, . vt . ’
. L -7 w ) ’»-“‘ o . : '
e v s Exerc:_?ge.., 18-58. . R . o R S
. . .‘> DI o . '1 : T .. P ¥ i . -‘_ ' . . . . .., "
Ll },(Clas,s D _ KN L
';' . . o . -uv \-A ; T 3 \_ I3 . ”0
N v . -~
- @xe‘lciues 1- 35 §"I’here are t ree “us pickup p01ms , j,' aryl C i
t‘or taking &udents to chool 1r1 the town of Shady Hllls. A new school _is oo
. 5 o ' ~ . . IR ) : . Lo
. ¥ . , - -
, & . R 79 . ! - - o
. R t T a
‘ * o ’ . 4
L . ~ . N ~
z N , oy L 82, R < . »
Y ',Kv. - Lo - ) N S vy <
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- ’

. tG.be -built at one of‘ two possible sites X and 'Y

is two mfles =
. " is three miles from X and three miles
is six miles [rom X ancl lfi»f/ mlles frpm Y
are picked up at. A 250 students from B

- Point A

from X and f‘our miles from’

Ea
v

vfrom Y. c- 200 students .
and 225 students from C.
.It is desired to choose the site which will result m the minimum amount of

_ travel to school by» the town’s student population.

B

Which site is chosen'7"

.a ta"ble like the follOW1ng and. fill in the missing entries. o
From O
To @ T .o A B € . .
. 5 _
¢ X -2 miles - .
v - P - .
~ Distance to X ‘or 'Y from A, B, ‘and ‘C:
[} ’ e . ' . -' . - )
- 2, “Draw a table like 'tahe,foll‘owiné and f1ll in the missing entries S
.} B~JFrou || S I ) . .
- v . %O . LA, B, ¢ v . -
L x . ~ \
X 750 . .
o . : .
v ' AN RS , — S — —
ro Total Student Iﬁstances e N
4 @ ey, . B
(These entries are. found by multiplying the @9
N . distance from each point to a site’ by the _' '
" numbler of‘ students picked up at thali: p01nt )( > ' 2
e 3 Whigh site, X o'r Y, wz_a.s chpsen_? - Explain how you arrived.'at your
conclusion. . ¢ S : " g c
. . . . . . : s '/
. (Note. The student should recognize “that cost )s!\also minimized‘-'n_
v s " the solution, and that this kind, of a model can be used to .
B A represent‘a ;ﬁiriety of other sitt %ions ) ‘ L
. R i s . Co ‘ . r,;g.‘ 5 K
B . ~ A
2 ‘. (Exercises 1+ 6) "Is there an, interesting relationship between the o
. ,' length and width of _the leaves of a’ p cular buuh o.r tree"" e : ’
T ‘ "b B e
AR ,)*" © ~+ The. class should select .20 to 1+O leav@s —f‘rom a single treéior bush
PR and measUre the length and width of‘ each lea?‘ Record ‘these ‘data in a T
;',.f" o S table. Measure the width by‘\, creaslng tae lea?‘and measuring ‘the
- S : “ \5'80. ces o / . L
s . e T ) S ) '
) " . 5 . " L 4 '
k 3 “‘ J8 ¢ \ 4 y © .
B IR T R
Y- . .

O
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| \len@% -,a. \
| inforf¥tton?

o B
'.(b') Use your table to calculate the probability or rbll'ing a l'

A TV "—1ength /
sacrease.- To get the crease put

@he ‘tip of the leaf on the -7 . S "

- poing where the stem leaves -

the base of thee. leaf and fold .
-n.. L - R

'Adéi .0 this table, columns headed' the sum - of’ the length and width

Ery

L + w, . the difference, L'~ W; th% product IW;  and the ratio, p—I; )
Calculate these values £or each leaf. - T

.

idth of the leaves? -If-so, which column gave you your

I

LT - w o 2 v . : .

" 'Exercises ]_8r5b SR

The following list represents the results of 100 throws of a die,

grouped in fives qfor convenienc‘e A
- e - o/

" i3s3 ; 533gm. C o es . 53130 ueusL. .
SM563 . hi353 . T 35335 65536 - ez
43253 . €2lsk 53263 - 333 21531 - N

BCEL C 6‘1{235 . 26563 22522- cL é1355"

S e
the 8%.}' Outc 5 are 1, ’33’, , 5, and’ 6 L

. (a) Design a table wh}éh efficiently lists these d.ata. hemember that

el

a.2" 3, ah a 53 or a 6. g,{a,. N
(c) _H”ow do the results of Exercise 2, compare:with the tl"eoretical
‘" probability of rolling g 1, _2-,- '3, Au','- 5, or'62 s
Consider the folloving sequence of* sums of odd numbef’s-' (l), (l +3),
) S S
(l+3+5) (l+3+5+7) T e .
. (Remember that the symbol "+ cam means " "and so on"[ T . 4 T

-

(a) Make a table like the following and complete the entries

.,‘,-. "Number of. ’ ;.E S T, ia" R .l\- L
' '-_the tevxﬁ 12314 [ 5 k6|7 8 | e
Value of . . 1. P o

the term |f 1| 4% | 9

particular relationship which seems to exist between the .

C &S



-

- . o ’ N a

(v) 1If the number of the term is 25, then what is the value qf the,

-

«~term? Did the table help you decide how to answer th1s questlonV'

(c) 1If the value of the term'is 14k, how many. odd numbers are-aadedl

together to ‘get that sum? Whet was the last odd number in the
indicated sum for this’ termv_ ' 4 '

'(d); If %he number of the\term is represented by n, thenqthe'Nalue -
of the term cculd be represented by what? : T

Co3. Cons1der the follow1ng sequence of ratlonal numbers._ . 5'. . :
: T T SRR
(152)" ( 1-2 ;' )/(1 2 u)’ (’1-2 *'2-3 * 3-u.+ u-s) T

2 | Number of

. ] .the term %
) Value of _]___ 2 v . T / : .
" the term 2.1 3 - ‘ Y I ¥ ) s :
g " X /‘ B ." - — .
. : I .
(b) Given fhat the’ ‘number of the term is a1, What,ls th value of .

_ the term? bid your table help you deClde how to answer h1s__w ﬂ

qﬁestion? ' : R
. s e
o

() If the number of the term ‘is . reprasented by an integer n,
you, represent the vilue Of the term‘7 ; o ' e :

(d) If the value of the term is l%’

Write the fractlon representlng the last ratlonal number ‘in this

what 1s the number of the term‘7

term. . o R .4 ' _ &

AY

L . N . -

18-6 Estimatlon or Guessir: ﬂ ‘ ? o '7};,%4"
. .. - . .. .« . “ Ty )
.Iﬁ th;s ection we f'” to focus your-attentlon upon the technlque of T
arbltrdrfa%‘assignlng rea1 ~mbers to unknown quantltles in a problem.. This - - -

PrOCeSq has several advant By uslng spec;flc numbers, you should be-

K able first, to use the many techniques of computétlon and slmpllflcatlon
.already known for the real numbers, second to derlve,some useful lnfOTmathn
ébout how good your es tlmate is; and third to galn s omer 1ns1ght 1nto how "

the more idrmal ana]ys1s€§ou£§tm organlzed. The ablllty to create and to

PR 5 - . .

‘ﬁ;#. Ev;‘ " i
- © : "Je'ft? ® . a]: '
) .8,~ Fal .
.- .o v .'S?. b

O
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1nterpret good numerical models of problem s1tuat10ns is an 1mportant skillj“‘

to deVemop in- prob7 em analysis: ’ T .
) a : s -,

Exercises 18-6a

(Class. Dis,cuseion) e k ‘ K

_ (Exercises 1-7) Suppose that we tretch a wire around, the earth a‘? a;
) the equator. A sume that a smooth sphere of diameter 8000 wmiles can bg" "ﬂ'

uﬂed ‘as a model of the e‘.rth If we cut the wire, "weld in another plece -

N

1»’

100 eef-Wong, then hold the wire above i;he sumsface so that it is the same

l,
dl.,tance above the. earth al”’ the way a.round how far’ abovesthe surface W1ll°

. 2 » ;- .
the wire be? (Use n= 72- ) . . o _ P
DN Guess ‘an & swer and record it. Your first estimate is 2 o, “'g;
. 'Y " -./".:,"d .
Letts sege 1‘. it 1., too Warge or too smgll. . % v A,
| N - ; P
2. " Pepre..ent the circumference of the earth in mlles uulngg 8000 asﬂthe
diameter and- -273 “for . erte an indicated product whish wlll »
. repref'ent the cucum[ererme in ieet (Remember therle arée 5280, &eet
) in one' mile.).” - . v : 2 . ’ . e %
3. The drametel.ln feet of the new circle Q{ w1ree W111 be B \@ [/

é ‘
(8000;(5280} + (2) X‘(your guess) . Draw a f1§ure and show ghy your % @

e::timate is 'm ultlplrcd by - 2.

- 2 ? . .8 R ’ )
L, Write, as an indiéated product the c1icumfergnce of the gew w’lre
eircle, in f‘eet e ) i, " T @' Seow
P 3, . e - ’ ' “.
5. SRR u.,ing?\‘c_)ur r*stlma.te, how does the Llrcun\f‘erence of} ‘the Qew wire
cifele r*onqpare w1th the circumf‘erence of th@ omélnal wajre cnarcle"
Compa re thebe two numbero by aubtragtlon. ’ 0’-7 N .
. g S . _
.60 Vﬂlq't' shpuid the i Cférence be? Wa, youg gue.m “too _laﬁ‘fge or. too 'sma].l".’ @
7. - “Unless you see how to worl' the prob]em directly, "revise your* gues
T and check your results agaln. T RS : .

“
‘

Baconf‘at and his friend uhadsw Jones race”

LE:r.crclses 8-13) " Oliv

‘snails. The spowd of 011 erfs‘s‘nai]. is 8 mi]eu per week less than ‘that of ;

' Shérlow’c uuzul.,.. ¢ gnall requires 5 weeks to go. “the same distande’

. el . . K i
that L.luxlow"a' nah goes’ in 3 % weeks, how fast doeg each snail travel in &
[ . .
, . Iy . .
miles per week? . ) ’ - “ g
+ . .

) ] v

3\8‘ Sta’te clearly and convloew what each of the numbers 8,
4

\,

A\

. anbl .

>

o)
L,

3

i r'npxogem .

e
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PRI L 9,{
Guess a value for the’ speed of Shadow’s snail - Your guess must -be’

- greater than. 8. Why? - . . : LY

e

10 & “Show how you would calculate the speed of Oliver's snall usmg you

-

11.

.
-

VR T-3

13.

O

ERIC
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estimate for the speed of Shadow”s sna.il L ! . LT

explain your plan If.' not, try another 'guess’ 'fvor .

" hour?

_\l'(b) How faf.does the contact f‘ly in the t1me t-hat you est,u‘hated”

(c) How far does the aircraft carrier plane tly in the tlme y9u guessed”

Show how you would calculate the d%starﬁ:e that Shadow!s 9na1l would

traveL in 3 5 weeks Use your g'uess" for the speéﬂ s . ,‘-'.-

Show how you would calculate the distance that Oliver’s snall travels B

’ in 5 weeks «ausn_ng the result of Exercise 10. I . f

o ’ T

Reread the proG}em. Do the snails travel the same distance: Are

your value., for Exelr.cises ll and 12 the same'? " Do you see a plan for '°_'

repeat Exercises lO-l3 ) \ . St

wﬁxe'rcises 18-6b

My room has a doorway whlo’n is exactly éh inches wide._

f‘at uncle has a’ maximum..ci'rcmnference (by tape measure around'

waist) of 72 inches. Can he get into the room” ] (Use ”rr :"
(a) Estimate the diameter of the " round -uncfl'e"-’f'
. N i
(b) Check your estimate to see if you%'get a;circumference of‘ q2:;
ﬁ St

« . 4dnches. Was your estimate too large or;,”(:’oo,small”
b .

( ) Explain how to solve this problem

dlrectly toward the carrler.

at 1400 miles ,and the speed of

. How long will it take one of th rrier’ 1 ‘es to 1h‘tercept the..
Al .
contact if it flies directly to%& 16 \cﬁia@ at 950 miles per

L h

(a) Guess the time, in hours, 1t takes f‘or the carriermar& to -
-1ntercept the contaqt. 7. hours. f"tl P _ %

' A

“ Sy | T

o

) . R "v"r . o e
A ‘ N . g. . (,‘?Q ': o \.{“
B , 4.3}' : - 8k - " o, L

Y
R
[



: . L ’ 4
. (.d_).u 'L. you add the tuo distances you calculated iri Exercises 5 and R f\

'..'_.6 then what” Should that sum represent”

(e) Explain how you can use the method you used in checking your o ,

T 1
estimate to sol; ',’ : (Write the mathematical sentence . ": :
S ;rinv01Ved»): e Jﬁ. o e :':7f” “

.. : PR ; . . SRR

3. 'The edge.a Qﬂ two cubés diff‘er by' 2 inches,' and their vo].u‘.mes difi‘er T e
' "by ]28 cubi_‘c I‘nche§. F’ind the dimensions of,‘ each cube. S "
a) Est}mate ‘the léngth of the edge of ther 1arger cube. _ It_mus‘t__' be e

gréater thagx o?r E;gual to 9 3 . ¥ @

(b’) Ca.lt‘fulate t‘he length of the edge of._he sma]:ler cube us:.ng your . P

L estima.te from Exerc1se 9 (Show Clea Ty how your calculation is S

. dom and J.g.be& th,e resul:tx) - - - 1

.»wt,

( c) Calculate rthe« vol

LT result ﬂrim E)(epcise ic.
¢ - e

fffére nce betwgeen the

Qd§ Io the d

PR -
Sh.
. @’ i e _'I’his solar battery is justflarge enough in area, to.
P prov:aenough power to operate one - camera in a. satellite He now-.
. wishes % cen,;truct a battery which is exactly double the area of the R
Jeni o batlt,e.ry cell What_ should be the length of" i;,s s1de? L w
. "C ic ula the area of‘ the'original .,olar cell.’ Doubl&e this area @ L Q
‘ to get‘the a?ea of. the new cell oo R
N ) ‘n- 't o o o o . N . : 0,;
' E.,timate the length of’ the 1de of the new solar cell Using' your @.
" . e.,timate, calculate th‘ 3 a,rea of {he . new cell g ' c
. (e) H:‘w did the re.,ult o{‘ (a)’zcompare w1th the calculated value Qf '
. o 'the zarea Fn. (b )?, ('qu large ‘or tqo mall?) : o : T
Lo I . ‘

) v e,
. (ay- Revi..ae your estimate of the iength of the S1de of the n?_é“.w cell _
r "and compare again. Show your work B T
(e) Do you think that you can - find an exact decimal value for the

1éngth of the “side of the ngw cell?  If so, show how.
i \

e n3 . 5 - _ R ¥ e
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”'their orlglnal form, are almost alwa . ‘
d : to ‘solve. Such pnoblems ean often be solved
Y. remﬁﬁlng ﬁgmb of the compllcatlons and by constructlng a

e

mbdel of‘aysiqpler, but. uimilar situatlon. -One has %o, be cére—

Y
a QutJCanluslonaézound by such a method “but 1t would be fOOllSh ﬁOx

Ions that mlght be confirmed by EXperlence oy by more

» D'.

- ‘Bxercises 18-Ta e
(Class"Discuosion).” : . .

1’,% . >

the 1ongest 1ine segment that can be drawn 'in the interior

m'%}given p01nt on the sphere to a dlfferent p01nt on the

)
r . . ) .

what isa ulmpler figure that would be re}ated to a

3
‘e

Draw - the figure._, - < ) _ L e

O ' . v )
Now.let'f,nick an arbitrary p01nt A on the circle. (hopefully you

choue a, c;rcle in%Exer01se 1), lraw_a‘diameter through penter

o E{ p .to point B on the circle. Do you th1nk this is the’ longest,

Ll

3 g Draw any othel line segment in the 1nter10r of the c1rc]e\from A to

llne oegment that/yan be d:g&p in the interlor of the c1101e'

4

a dlfferent poirnt D on the circle. . E : j;'_

What is true about 7C, -G, .DC? (AC + CB) and (AC + D)2

W

What ds'true about '(Ac + Dc) and" AD’

Cah'you make a otatement about a diameter 7B and any other 1

segment drawn in- the interlor of the *circle 1rom p01nt " A?

'"Disouss how you can extend'thls analysig to a spnere.-




O
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3.

.sugge,sterl model" T ,' ) .

S *
Tl Exercises l8 7b° n

In a‘.certain' clothmaking mil a very High speed camera.took vario
pictures ‘of the fibeurs as they sped through the mill machinery aw

PR

each lool’ed something like the. f‘oll,,ow1ng B a
. ’

The problem was to rletermine how lang: the fibers - would be if they were

utretched out straight It was - necessary to know the length 19 ‘order

_to adj’ast and operate the wéaving machines. ‘The mathe n called

in to_ advise the mill suége..,_ted UOlv,ing this _problem._ Is it a simpler

_ problem? ' . ' .

If 2 1is - k2. inches and h is .3 ' inches, how 'long was the’
, . 4 . e s ,
approximate' leng-th of the fiber? . . o “d'::\‘ ‘

o -

It 1., .desixed to calculate the approx1mate>volume of a man given the
average thicknes of ‘his head, arms trunk and legs. DeS1gn & model
of a.man and calculate tne volume of this’ man given that the average )
thicl'n#:. of the head is 7, 1nches, his arms 3 1nches, his trunk i
.lO 1nche.,, ‘and his legs 4 .inches. Select appropriate dimens 1ons

of your own for .the lengths 61 each of the parts mentioned above,

i

;OLten lumbe rmen need t}o escimate_how much 1umber, meas ured ags volumg g

.of*woord, they can -get from a stand of tx;eeo. They can usu?lly get 1,9’

t'or eac‘n.'stand o ' trees marked Lor cutting, an aVerage height and an

a\/erag’e circumierence, mea ured at the base of the treeg. What Kin

of a model would you recommend to the lémberman" If th¢:.’l averag'
hclght is. 80 feet and the average c1rcum1erehce wag 20 leet

many cubic f‘eet of lumber would thete be in one- tree, uoing ywﬂr

- L]

Lumber mullﬁ aLso need to know the volume of wood in the logs they -

pxoces.,. Propo"\. a good model 1or this(problem. If the\hvevr.age

X
-.‘liametei or “the .,mall enfl of the log is 2k ifhes and th€ average !

s v o .
. m . ) T -
. © . ®. ° s - TR AN

/""#:

e



~ length 1§ L40. ft.; how many cubic inches of wood wouldutnere be in an
' average log? Usually lumber is'measured in "board feet", the volume

: of lumber 'in a piece of wood in the form of a rectangular SOlld

lin. by 12 in. by. 12 in. or lhh cubnp inches.‘ Would this mean.
.hat it would be best to choose a model of a log that was a rectangular

X 'Q' ..“solld° " How many. board feet a;e tﬁ%re in an average log mentioned above’
. T - 1 ﬂ_..

'5.: ‘ The new lawn of a large research corporation was bounded on the Lront
z'by a. curvedhstreet as 1n the following diagram. The company de01ded

o - tor establish the lawnlimmedlaxely by having, sod placed 1nstead of
',planting seed. The sod comes in long rectangular strips. To oraer
. the proper amount ‘of sod they‘needed to know the area of the lawn.'
"If, the. sod comes in tripv 3 ft. wlde'and hO ?t. long and the
~dimensions of the lawn are as given in the drawing, recommend a model
~ which w1ll solve their problem. ,“lﬁ o _ . )

s

250 yds.

AJAX Atomic
Research, Develop-
" ment and Pickle

- Company .

Al

lﬂg . 18-8, Using B&ulC Properties.

: L.

The next’ exercises illustdqte an 1mportant phase of,. analys1s in mathe-

'matics. This is the analysis of the.'s ructure of any Sjstem for basic

T

. » properties llke closure commutativity s and the llke.

.
1

-

PR 1

o . 88

O
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You have already used this process,'rather informally, as you have
otudled and applied ygu_ mathematics. For eyample- In the study of the
measure of area,. by intuitively establ1sh1ng a functional relationship -
between the set of plane geometric regiong and the set of posltlve real
numbers you 1mmed1ately have all of the technlques and ideas developed for »
po ve real numbers avallable to help you thlnk about areas of plane geo-

metric regions. In other words the areas of plane geometric figures have -

the same baslc Properties as the pos1t1ve real numbers; and hence you ‘can

intérpret areada ~,;Ltive real numbers whenever, convenlent This process
of using a known system with a known struadture to- 1nvest1gate ot analogous -

systems is the ba is for the early development'of algebra, It hn be shown

wﬁhaththe set of algebraic_expres51ons has exactly. the same structure as the

set of- real numbers, and. hence all of the techniques, theorenss, aId the llke,

‘Trom the ar1thmet1c of real number)gare available for use in alge ra,

Now conslder the following sltuatlon. o ’
_ Imagine that,kgn the near iuture you- land with a space %xpedltlon
on Modulus Three (the third planet of the tar Modulus), and flnd a.
civ1liuatdon which is friendly and able to communicaﬁe‘wiih you, On
th1° planet the need for measurement of land has never ar1sen. Hénce
'%he need for numbers .may not have occurred xcept for one Peculiar

2

circumstance, - , _ o o T

' ‘. Thlu,planet ha° a ulngle moon which has a perlod of rotatlon of
exactly (whmt we would call) three days. This has taken cn mystical -
"slgnlrlcance whlch has in tuxn led to the use of numbers as a record

" of the Moon?'s ositi

n. ' They uoe the pecular number names ‘mon,  tu, -
wed, for the e phases where we would use the words one, two,'
fhree, Since the phasos of the moon are_ cycllc their ent1re countlng

wed, mon, tu, .wed. mon tu wed ete.,

‘*ystemgun" 'noh tu, on, . 1, 5 L,

as _I, 2, 3, 1, 2, 35,1, 2, 3, etc. : !

N,
.

Jevelopment of arlthmetlc additlonqand multipllcatlon along the same
11nes as they dld o us:except that due to the mys tical background
the inventions of any tompounds: through ‘the use of "bade" or "place-
value" has been ctrictly iorbldden. Ihe Modulians hate now recognlzed
-+ " the need 'or an algebta for thelr number,uystem and you have been asked
‘ 'to help; It w1ll now .be your JOb to analyrerﬁselr fiumbe r system and

>dcvel00 & primitive algebra ‘neces ssary or the golution of some simple
’ N s e

. o < . ° - - C . , e
° e AT P < 5] _ ’

- . 5‘5, : 55);?. | ih | ;_; _.. . '.:

equl%ons in their system, e ?/‘\ e

Recently the need%ﬁgr-operation on these numbers has led to the -

o

.



The~tables for the arithmetic' facts ‘developgd so far are as- =
A T uh 5 e as- .,

.followsa‘ ' o e R
‘." '.c ':'-;.. D" "':‘5: ‘ : ‘ Lo ., B .

1

-
n
w
=
-
n

W, W W W

LyﬁxercisesvlS—Ba'

. . ) . B
¢

f . -

{ . ' s .
(Class. Discussion) .
Tt' Us*ng the qualities ‘which areieither;??ident from the taoles or are =

3

\
B suggegted by +the exerCises, homplete your analyuis of the BaSic Properties
) of this system i S ' ST - : s

.

(a Closure? . ‘
(b) 'Cdmmutati’viéy?:'_ ) B o
. 'J:(;)~ Associativi;yz 'iS i' . S : ]
L ke iteees) ,
. ! .
(@ (T+2)+2%1+(2+2) e
) ’ oo < . . .
S ;, Y (3) (1 3) + 2 *3_+:(3~+23:< | ’;‘ | ‘

o () (2w 3) w2l +2)

i
n
T+
—_
w

f SN o . o
An.identity.,element® If so, what "i5:1it? |

. o =L N L. ’ P LR
© An additive inverue for each element? Using a “to reprggéntﬂ

. “ the inverse such that a+"a= the additive identity, which of
l‘ E— . .
. - 'hthe‘&dditiVe inverses ‘exist? ' .
Y . o i . |
1 = ')’ 2 = 9’ 3 = 9. r ) %
2. Under "." does the system have: | . - S .
L ; ": (a) Closure? . e N
'. 1~ a ) . . ) “ . * N .
(b) Commutativity?® RN
/“// C ‘t(c). Associativity? 1Is S . -
s P . . 9- . N ) :i:'..! o
. (1) (1°2) - 321" (2.3) . | _ , B

ERIC
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- -'.(je) (1-2) - 25 (2-2’), C o
G eliigey SO
) esye2ley L T o

- (@) “An-identity element$ 'If so, what is it?

N

(e) .A& mu.ltlplicatiVe inverse F'or each element" If ve use 1™ o~

. '
- . . . .

- SR TR
s 3T to represem: the 1nverses, show whlch ‘of the mult"ipi‘icative
A . inverses exist,, S B ' ',ﬁ
~ : ~ ~ : °
. . 1° '=‘?’ 2 =7, 3 =2 (In other wordsy for each’
N . '
Ly .+ number, a, in "bhe system is there a unique numoer a~  such
,0“ “that a s a = mu.ltlp’l:l,catlve 1dent1'ty )
: 3. CIs e dlstrloutlve over e from the right" From the left? .
) ' . . re . 7 U
(a) 3-(2.+.-)=32+32 (@) (2+1)'§»=2-3-+1--3s
. . ? o o .
(6) 2'(1.+3) 22u1 4203 Ce) (1r3p-2fiziae
P ~ o 9 : . o . g S o ‘
T (e) 2 (2+3) =22+ 2-3 . (£) (2+3) <2 = 2.2 4302 X
k. .Does the gtructure of this .system'seem to be the same as the structure
' , ", of the rational number sy§"t%;n? R C -
. -} - A ~ ..'

.

_ If‘ this system “has all of the above propertles then: we can use the )

technlques we havef leveloped for the ratlonal number system to create equlva- -t

'Lent equatlonu in s;mp1er and slmpler forf untl the uoZLut:Lon set becomes a
AL, .. ’\ ) . "

obviou., . S '_ ) L . SF i ’

| R . S s S P

Example: Fini the olutlon get of 2¢x +1 = 3 in tl’ie Modulus

Thlec oy.)tem and exWaln your tepr in tcm of the

’ K bas fe propertle., of the,oystem o ', v, o Y
. .‘ P . . '3
2ex + L = 3 ’ R Addlng ﬁ to, both smdes of the equa-_ .
. . 44. t . ),'.
c . 2ex o+ (14 '2), = (3@ “tiont “ﬁ;lo was choseq because 2' is "
o _ cel i I the adcfgtlve lnverse of 1. y v :
X + ., =32
N 2ex . j' s A number’ plus its 1r'14?(ers,e is thm‘addl— ) /{-;
o , R t1ve 1dent1ty. wl '
K . ) . . Y K
Dex AP "Ivf 3 1s alded -to any number the
f\. E L, .
) s "g o result re‘ma ns 'the same s1nce .3 is.
' : thes addltiv,e.ll_dentlty for'this system.
- . o . . . . +
. 3 , ,‘ ae . H ";'Qv . ;'..; i
i .- i ot
’ . ' : "W" X 91 y , . Al
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Solution Set' {1}. o
. < . ,

Of course, some of ‘these steps can be combined or shortened but

B L , .
v\if?*x =222 et Multiply bqth sides of the equation
o T T by 2. Two was chosen because it is

<  ~  the multiplicative inverse of 2.

L remember, it must be clear to’ soma?ne else Why you have solved the

explain your work so that thué?odulians could see that the basic properties
i . A . .

1.,

. 2‘.

.of their number system were ng used e
. ‘ ‘e ’ . ) “
X +2 =1 - B .
x4 33=x o B o,
X+ 2 =x v g . . . e B
Jex +1 =2 . S S

18-9.’

.matics 1nvolves experimentation and observation, but. most, of mathematics is.

'R

equation the way you did.

(ex +1) e (x+3) n2

e i .
' . . . . - . 14
. ' . s

Exercises 18-8b ‘5 -

-+

Solve the following equations in the Modulus Three System and

e . LT

Using Reasonlng Techniques . '_ : ”Q\ .

Mathematics is a way of thinking, a.way of reasoning.

concerned with deductive reasoning. T : ,

definite conclusion necessarily follows.
t;his Sort., They prove "if - -.thEﬂ“'-statements., That s, by logical® » -
reasoning they prove that- if sbmething is’ true, then something else must be

true.

. ta .
s . . P

You cgn often fingd’ all the ﬁifferent ways 1n which a problem can be

“

bl

v

a

o i
z-.

Some’ of mathe44&9 ’

-

Mathematiclans use reasoning .of

‘5 By deductive reasoning we show that from certaln given conditions,.a:

Th#'following example provides a simple illustratlon of a' reasoning process..ﬂ

"solved and sometimes you can show by reasoning that a prp0ledﬁhas po_ solution. -~
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the cla"s of 30

Imagine

7.

o

(h) Since there, are ‘30 nam

more than one name.

d(
L T
- - . . -
T e . CoLw
K} - ¢ L g e
> . N ) .
R R ) B
2l . . T
e T :
. : 3&"‘50{
T
N P ,By a

"m?’J"

. el E
e ’ . el . . ) -t
(R e X
KRR d-vExerc»lses 18—9a_ o
. . l‘_ . .. - i i “
© o ? tas
PR (Gﬂass Discu5510n) .
1 . t
A ,) L

> ff:;vy indirent reaéoﬁing

=]

12 names dn’ all. e

e g

R

\

.1 ‘,

S

1m1iar reasonlng pnoqess

L

ﬁn

il s,

, )._.

9
e

Imagine that each student*s -name- i§ written on a slip of paper
along with.the mbnth of his birthday. s '

v isge

a

: 4at 1east k studen§§7wou1d have blrthdays 1n the same month’ )

. T ST S . ":*- :
* _ //f v If an ‘b, ci are positrve integers,'if -
p!;{/ 2 S factor of b ahd 1f a_is: not a factor of
g o 5L»JH3’ is. not a factor Of (b«+ C) 3‘?F.
'Letf” investigate this statemeng.using - -f? ; ;
~": . e \c; h wﬁ: se e
'f,- . '(a) % 1s a far Qr'Of 32 3 is not a factor of 2m,"
: , a facto '(’2 + 27)?

ﬁ e
o '." B
: =(d)
! ]
: !
¢ -
- T
M . -
.
-
/. - ot
“,. . >

b

.o

meah S

sLeti

Ch ot

B 3 }fb¥f and ¢

'

=‘(?).ﬁq);“.where» !
e, "

"3,;-your'conclu ion. .,"

- (o)y Iﬂ. 2 1 not a. fac
' that c f 2(

where p

“

[
.- B
. LI

. . . ‘o ' . . .
b(b) Iﬁ 2~ 1$ a” factor of" a pOS1tive integer b ﬁthen-this means
that b = ( )p,

1s a p051t1ve 1nteger.,'
Yo

tqr of the;pooltlve lnteger,'c

e

a

Suppose that there are thirty puplls 1n your classroom.
Prove that there are at least two ot them wHo have
birtb%ays during the same month

12 boxés with the names of the months orr them.

’

(3) If only one slip of paper is put in each b0x &then there Qould
not be more than

students must have birthdays in the same month

The’ follow1ng problem{will 1llustrate the .very helpful process of

show that at 1egst three members of

2. ‘:Howvmany students would there have to be in order to guaranteepthat

Is 2

»

-

3 A
:then this

'.

is some pos1t1ve integer.

-
« T

- |
Y

"Do you *nk the above statement about
is true or. falSe°"Let’s continue anﬁ Justify

v

assume that 2 is a'factor:of (b + cJ % mhls means that

~ff;this‘1



G T e
o assmnption{is false, thén ﬁ ‘should lead to a contradictipn of © ¥
- & knom. fect about. &, 'b, ‘or c. -:_ s

., t c,

e) We na} have o, o

o

]

n
.
-

- . -,
and v -~

" Réplady

»
o
+

o .
1]
n

)
.

get . o ' " o S
[ . . - . . . .

e © 2p.+-c =2q, : Sujtracting (2p) from both sides, -
..'-’b:" -~ we.get _ R o o B

L - . " Cc§F 2q¥- 2p. Simplifying by fuse. of_ the dis-. .

tributive property we get AT o P L '

~

0

- &
"

- . ¢ ] . . .. ‘,‘.» 2(q _ p) v‘ o .' . ) o . .
'ii B This last sentence _means’ that 2 is a.__? . of c, since '
’ O A . .

(¢ - p) is a positive 1nteger.

o f) Since the above statement contradicts: £he k.nown fact that 2 is
T, nof(a factor.of ¢, We can concl‘ude that our assumption, part
(d) \is false. Hence the correct conclusion is that 2 1s
__?__; a- factor of (b + c) (Of course, a completely general

e

o proof can be made by replacing 2 by a, where 8, is a »
e positive in#egér.) - R Cede

—

Exercises l8-9b ' o ; 2 - |

s —

Show clearly the reasoning ;ﬁocess necessary to solve the followlng
problems. R e O L -

S . N, \ 4 L e ' k .

1. What 1s ‘the lee.st number RE students that could be enrollew

R school so that‘ you cogld be sure -that there are at least t : ,
: °

-

o with the same birthday? jqe;day, ‘and sae month)

A

2. - What is the largest number of students that could be enro led in a’
e school so that you cou.ld be sure that they all have different

‘ ) birthdays? i - , _ ) oL .

. - . S (O I
3. > Ina class.of 32 studlents various coumittees, are to be formed.
. o Sy . . s
N - No student can be on more than-Qne eemmittee. Each committee ‘Gon-
. . . . . 2 - °
tains from 5 t0 8 students. 'What is the largest number of

&

_'connnitt_ees"that.can be for.m'ed'r - . ot o8 .
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. .

. #7 tactors. The first 'few primes are 2, 3, 5; 7, 11, 13, 17,

O
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What 1s the anBWer to EXercise 3 if every student can be on either -

one or two. committees” =

k3

A checkerboard has 61+ - squares. Suppose that Jou have 32 cards

-

~and each card coversz two ¢heckerboard squares exactly If"'you cut

of f two squares, one a.i: each end of a diagonaﬁf the checkerboar‘d,:
.and throw away one card ﬁhen is gt possible place the 31

'..i'emaining cards on the board so that the remaining 62 checker oard

i

fs‘quares are covered? Show ﬁow to do 1t, or prove,that {t‘.'is' :

impossible,, :

s

. . ) . e
/ R : : :

( "Suppo’se that you seléct three cards f'romﬁa deck, tyo black cards 'a_nd
o;{e red cdrd.. A game Ts'played by two people. 'l‘he car'd's' age shu.f‘fled-"
" ahd pne- card is placed /face down in front of each plaf(er and one

between them. Bach player then looks at.his’ card and’ the first one

to identif‘y the, Color of his opponent's card wins the game. Expiain
she' reasoning used in deciding the best. method of playing the game

You re’member that a prime number is a positive whole number, @er

than l, which cannot be} written as’ the product of two smaller
<
4 3 N

19, 23, '29,‘ 31) 37 . ..._) It's easy to see that- this sequence.

- does not follow any simple law. In fact,; the structure of‘ the sequence

" turns out t@ be extremely cQ'“licated + However, the question, "Does
the sb.g_L{ence of- primes even'ﬁually end?" ;can be answered.

.

(a) (2 . 3) ;. 1= : Is 2, or '3 A I‘actor of the yesult? .
! _ oo W‘ny)or‘why not?, , : w o0
(v) (2 - 3 5) +1=212 ‘-Is“?,- 3, or 5 a factor of the
. t ’ . T result? or why not? -

| T _yeswit? Wny or why R

- 1 ) L ~ . . ~

&
3 95 e ’ i

Sov

v



- - - - e c. v
_:‘ . _! . PRUTIE T - N . e

AT ' - R : . / ]
(c). (2 . 3‘ 5 .,7)4‘+ 1=17 ' Is 2,. 5, . {'Z Aa factor '
LI ‘ L ,‘ . ":. SR ) "~ of the. resul't‘.? Why or why not‘?

- o (a) (2 - “1) 4152 Is 2, 3,5, 7. or 1l a o
f“ : _ . . factor of the resygt? Why or why
‘, . ; B e .\ . not?l : . . v '_~ S

’ L (e) Let- (2 . 3 _7.*7 s 11 ... )+ 1 -.N -, Where pJ is supposed

) be- the 1argest\prime in the sequence of primes from "2 to D, 1
: : -W‘fn‘ any of the primes in ?(Iis sequence be a factoz" of N?. -
PO "-.‘_ . Why or why not? \ '

(r) Tel], why N is a prime greater than p, or has a‘prime fa*ctor ( -

J o "t“ ‘ ;-

e L greater than D.- In either case’ a prime greate*!t than 'p has

' R . been found. This means that no matter how large p " is there is.
L : always a pr?me greater than * p. In _other words the sequence of ¢
' ' . primes c‘)ntinues ind@figitely. . o Nl SRR
' ) ’ ) C o
.8

- .8 ;., .
18-10., ;x i / b
— . » T P :
N . / T . .
There are several overlapping problem analys techniques ?h_ichb we
. have studied in this’ chapter. They are? . T

/’/o L : g‘? ’
ra.nslaticn* : Assigning convenién nd ‘m aqingful symbols “So

e : rPreSent various parts of the. p oblem. i

B i) - 1 ‘ ]
T Y (2) .drganizin {nfo ion in tables- Arranging ta"in” an organiZed
o fbrm and?eriv{{ additiona‘l information from th,e table. . : ‘
g . ’\3) Picturing relationship5° Organi/zing inTormation'througI'r geometric
representatibns/f the problem situation. ) - Lo
'C\~ B O logx Comp&z_‘:l,ng problem situations wiJ other solved or

_ understood problems “that have the same or Qme similar ./. ]
_— . \‘ characteristics or looking f:%r bas;fc s’gructural propertfes B L

N “‘
( ' r

functions' Looking for the undirlying functio\nal relation-

.
R S rel tionships. 'I’his technique was notn tx;eated separately, but
’ R ﬁastevident in most of the sections. e e
Y .
) i . . 96 e .
S L. e . “
° . | ._e N i;\ - . 9 9 | V- .. .
) t : ‘ LR ] “u, ’ . ) ) ~ ’ .
-~ ‘o 1 N . . R ‘. ;

O
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- tS ' L

/l ,.-
S e s

.,(6) Estimation: Assigning
Y - take: s.dvs.nts.ge of the,

S . s.th techniques alres.dy
developed for the real ;

(7)/ Reasonigg Using esta.b'li.she i ' logical reasoning to .
/" determine s.ddi'Eiona.l specific. tion .ahout the 'oblem

I situation. _ . YA - ‘ R
, ' . . ,%‘ N ’0 - e
. of course this list ‘does _

2 not include~a‘1—l of theggaoss.’sble analysis
L:miques, but i(t will ser:/e as a basic l which should be refined and

nded as you evel‘op your.own prob;Lem g g stra.tegies. o .
T - e ¢ : J -

In addition to .the s g c—?écfmiques f-er broblem s.ns.lysis studied k
in this chaptez/ you should s.lso develop some good attitudes about problem

analysis. T/ N e -
2 o

b Nt
- e

(1) Be willing to spend somelt;lme; Just thinking about and * .,

) experimenﬂng with a problem tion. ‘ .

-\

(Y

0‘(2) Lea.rn to, be' flexible in ; ur’appi'oach. Be swilling to try the

- p ' urhxsus.l or?zarre approagh in sgme situatior}s.\
: N, LI R
“ ¢ 3) Be williag to’ imprOVe your techniq\\k ;:or coumxunicat‘ing your.
. (“' ) mathematical ideas to: yourslT and-to" others. P :
A n’*. '
aT | N ( ) D n't be. discoura.ged if-all .
‘;"’. Lo \ ip the ss.mq ws.y. Worthwhile roblem situations of‘ten times

‘ and o’ hel ’s)olye and interpret problems thg
tions , including souie that appear to be qui

Al .. '

- mathematics. _°" i .
! - - - R Ry
e 1 ports.nt techniques for probl
s in this chapt r. Yeu should res.lize by n .tha.t th,ese techniques w:.ll‘/
probably not- e used in 11’${olation, but& t an approach should be: developed
by you, which ill use a collection \of tse skills”to\telp you analyze and.

solve proﬂlems

oo

b R
. e : - ‘ -
v‘? \. . N : “
) } 0T . T Y o
. : . L1 i
Log *. .
B PRI .
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giwenf problem situation 6

m analysis have been il).ustra.t’ed : -'

&Y. X

Y



